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PREFACE. 






^ The success whiqh has within the last few years attended 

J*^ the publication of systematic collections of Examples in several 

departments of Natural Philosophy and Mathematics, has led 
me to entertain a belief that a like treatise on the mathematical 
doctrine of Fluids, would, if composed with a due reference to 
the necessities of students, be not without its utility. Having 
been accordingly induced to enter upon this work, I have pro- 
posed to myself to furnish the beginner with classes of Problems 
methodically arranged in elucidation of the various hydrostatical 
and hydrodynamical theorems ordinarily falling within the pro- 
vince of Academic study. In the fulfilment of this design I have 
endeavoured, as much as possible, to give to each branch of the 
subject a proportionate amount of illustration, in order that 
students, whether of higher or lower mathematical attainment, 
may be able to meet with a sufficient body of matter applicable 
to the condition of their knowledge. In carrying out this, my 
primary object, I have omitted no opportunity of introducing 
incidentally to the notice of the reader, by historical references, 
those remarkable memoirs and works of mathematical philoso- 
phers in which the first principles of the science of fluids and 
their most striking consequences were originally unfolded. This 
secondary purpose of my treatise I have been anxious to fulfil 
adequately, not only from a wish to enable the higher order of 
students to acquire more thorough information on particular 
questions than could have been communicated in accordance 
with my general design, but also from a conviction that an 
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•acquaintance with the researches of inventive writers in their 
original form tends greatly to invigorate our conceptions of the 
fundamental principles of science, and that our interest in its 
discoveries is ordinarily much augmented by an historical know- 
ledge of their progressive development. 

The obligations to various authors under which I have been 
placed in preparing this volume for the press have been specially 
acknowledged in the course of the work, whenever I have had 
any reason to suppose that the source of my information was 
original. I may add also generally that I have derived great 
assistance in my undertaking from various examination papers 
which have been published from time to time in the University 
of Cambridge. The solutions of those problems which have 
been extracted from the works of the earlier mathematicians, as 
well as many for which I am indebted to more modern writers, 
are almost all presented in this treatise under an entirely new 
form. 

WILLIAM WALTON. 

Cambridge, September 24, 1847. 



N.B. — A table of Errata, should one be found requisite, is intended to be 
published in November 1848. 
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HYDROSTATICS. 



CHAPTER I. 



NORMAL PRESSURE OF FLUIDS. 



Section I. 

Normal Pressure of Homogeneous Incompressible Fluids on the Surfaces 

of Immersed SoUds, 

Let K denote any indefinitely small element of the surface of 
a solid immersed in a fluid, and let x represent the depth of K 
below the surface of the fluid ; then, ff denoting the accelerating 
force of gravity and p the density of the fluid, gpKx will repre- 
sent the pressure of the fluid on JT, and the magnitude of the 
pressure on the whole surface of the solid will be equal to 

<7pS {Kx% 

where S denotes the summation of a series of terms, of which 
Kx is the general type, the limits of the summation being 
defined by the boundary of the immersed surface. 

Cor. 1. If 5 denote the depth of the centre of gravity of the 
surface of the solid below the surface of the fluid, then, A repre- 
senting the surface of the solid, we know that 

S (Kx) = Ax, 

and therefore the pressure on A is equal to 

ffpAx, 

that is, to the weight of a column of the fluid the base of which 
is equal to the surface of the solid immersed and the height 
to the depth of the centre of gravity of the surface of the solid 

B 
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below the surface of the fluid. This proposition was first enun- 
ciated generally by Cotes, in his Hydrostaticdl and Pneumatical 
Lectures y p. 37, 3rd edit.* 

"When the magnitude of the area {A) and the position of its 
centre of gravity are known, this corollary enables us at once 
to determine the whole pressure upon it. 

CoR. 2. Suppose that the area A is divisible into a finite 
number of areas of known magnitudes, -4,, A,,y A^,^, &c., the 
positions of the centres of gravity of which are known, then the 
pressure on (A) will be equal to 

ffp {A, X, + A,^ x^, ■+ A,„ x,„ -f ), 

where 5„ 5^^, x,^,^ . • . . denote the depths of the centres of gravity 
of A,y A,,y ^nii* • • .respectively below the surface of the fluid. 

Whenever, as is most commonly the case, the position of the 
centre of gravity of the surface of the immersed solid is not 
known, and it cannot be subdivided into any finite number of 
areas of which the centres of gravity are known, the evaluation 
of the expression ^/>S (JKx) must be efiected by means of the 
Integral Calculus. 

We have supposed above that the surface of the fluid is free 
from pressure : should this not be the case, we must consider x 
to denote the sum of the depth of K below the surface of the 
fluid and the length (jff) of a vertical column of the fluid which 
would exert a pressure on its base equal to that exerted upon an 
equal area in the surface of the fluid. This amounts to supposing 
the depth at any point of the fluid to be a; + J? instead of x. 

The principles of the determination of the pressure of fluids, 
on plane surfaces, were first laid down by Stevin. His hydro- 
statical investigations may be seen in the third volume of his 
Hypomnentdta MathemcUica, translated into Latin from the 
Dutch by Snell and published at Leyden in the year 1608, or 
in the fourth volume of Les CEuvres Math^matiques de Simon 
Stevin de Bruges, par Albert Girard Samielois, Mathematicien, 

* The first edition of these Lectures was published in 1737, by Dr. Smith, 
Master of Trinity College, Cambridge. 
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published at Leyden in the year 1634. In this work the 
Hydrostatic Paradox, the discovery of which is due to Stevin, 
or the proposition that a fluid of any assigned weight may be so 
employed as to produce any assigned pressure, either upwards 
or downwards, is explained and exemplified. In the fifth book 
of this treatise, Stevin illustrates his conceptions of fluid action 
by the discussion of the following question, which, as having 
relation to the fundamental principles of the transmission of 
hydrostatical pressure, and as serving to exemplify the accuracy 
of his mechanical ideas of fluids, we will here quote at length. 

" Declarer la ratson paurquoy un homme ^nageant au fond de 
VeaUy ne meurt pour la grande quantity d^eau, qui est au dessus 
de luy, 

"Soit un homme 20 pieds de profondeur dans I'eau, le pied 
d'eau pesant 6 5 lb, et la superfice entidre de son corps 10 pieds : 
cela estant ainsi, 1^0 00 lb presseront centre son corps. Partant 
on pourroit demander, comment il est possible qu'une personne 
ne creve d'une si grande charge ? A quoy la response sera telle. 

**A. Tout pressement qui blesse le corps, pousse quelque 
partie du corps hors de son lieu naturel. 

'*0. Ce pressement caus^ par I'eau, ne pousse aucune partie 
du corps hors de son lieu naturel. 

"O. Ce pressement done caus^ par I'eau, ne blesse nuUement 
le corps. 

**La mineure est manifesto par P experience, dont la raison est, 
que s'il y avoit quelque chose qui soit pouss^e hors de son lieu, 
il faudroit que cela rentrast en un autre lieu, mais ce lieu n'est 
pas dehors, k cause que I'eau presse de tout cost6 egalement 
(quant ^ la partie de dessous, elle est un peu plus press^e que 
celle de dessus, ce qui n'est d' aucune estime, d' autant que telle 
diff'^rence ne pent pousser aucune partie hors de son lieu 
naturel,) ce lieu n'est pas aussi dedans le corps, car il n'y a rien 
de vuide non plus que dehors; d'ou il s'ensuit que les parties 
s'entrepoussent egalement, pource que I'eau a une mesme raison 
k I'entour du corps. Ce lieu-U done n'est dehors, ny dedans 
le corps, et par consequent en nulle part, ce qui fait que nulle 
partie n'est pouss4e hors de son lieu, et partant ne blesse 
nidlement le corps. 

b2 
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''Ce que pour declarer plus apertement, soit ABCD (fig. 1) 
une eau, ay ant au fond DC un trou, fenn6 d*une broche E, 
sur lequel fond gist un honune Fy ay ant son dos sur E; ce 
qu' estant ainsi, I'eau le pressant de tout coste, celle qui est 
dessus luy ne pousse aucune partie hors de son lieu. 

Mais si on veut voir par eflFect que cecy est la cause veritable ; 
il ne faut qu' oster la broche E; alors il n'y aura aucun 
poussement contre son dos en E^ comme aux autres lieux de 
son corps ; pourtant aussi son corps patira \k une compression, 
voire aussi forte; assavoir autant que pdse la colomne d'eau, 
ayant le trou E pour base, et AD hauteur ; et ainsi le dessein 
est demonstr^ apertement." 

1. A rectangular parallelogram is immersed in a fluid; to 
find the whole pressure upon it. 

Let ay b, be the lengths of two unequal sides, and h the depth 

of its centre of gravity, that is, of its middle point, below the 

surface of the fluid ; then, by Cor. (1), the whole pressure upon 

it will be equal to 

gp ah h. 

This result shews that, so long as h remains constant, the pres- 
sure on the parallelogram will remain the same at whatever 
inclination it may be placed to the horizontal surface of the 
fluid. 

2. A solid cylinder is immersed in a fluid, the depths of the 
centres of its circular ends being h, A', its radius r, and its 
length I; to determine the pressure on its surface, including its 
extremities. 

The areas of its two ends are each equal to irr*, and, the 
depth of the centre of gravity of one being A, and of the 
other A', the pressures on the two ends are 

gp.wt^hy gp.irf^K, 

Again, the area of the convex portion of the cylinder being 2irrl 

and the depth of its centre of gravity i(A + A'), the pressure 

upon it will be 

gp.2Trrl.\(h + A'). 
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Hence the whole pressure on the cylinder will be equal to 

7rgpr.{r(h ^ h!) ^ l(h ^- h')} 

= irgpr (r + /) (A + h'). 

This result shews that, so long as \{h -{• h'\ the depth of the 
centre of gravity of the whole cylinder, remains constant, the 
whole pressure on the cylinder will be invariable, however the 
inclination of its axis to the surface of the fluid may be varied. 

We have solved this problem by means of Cor. (2). It 
might have been solved however somewhat more simply by 
means of Cor. (1). In fact, the whole surface of the cylinder 
being equal to 

27rr* + 2Trrl = 2irr (r + l), 

and the depth of the centre of gravity of the surface, which is 

evidently the middle point of the axis, being equal to ^ (A + h'), 

it follows that the whole pressure on the cylinder must be 

equal to 

frgpr(r -\- 1) (h + h'). 

3. An isosceles triangle is immersed vertically in a fluid with 
its vertex coincident with the surface of the fluid and its base 
horizontal; to determine how it must be divided by a line 
parallel to the base, that the pressures upon the upper and lower 
portions may be respectively in the ratio of m in. 

Let h be the altitude of the proposed triangle, and h' that of 
the triangle cut off" by the dividing line. Let c be the length 
of the base of the proposed triangle ; that of the triangle cut off 

will be equal to c . -r- • 



The pressures on these two triangles will be 

ffp.lh. Ich = \gph\ 

and gp . §A'. Jc - . A' = J^p -^ . 

The pressure on the lower portion of the proposed triangle will 
therefore be 



b NORMAL PRESSURE OF FLUIDS* 

Hence, by the hypothesis, 

A'':A^-r::m:;», 

\m + nj 
Cor. IfA' = iA, theni = ' ^ 



m+ n 

and therefore — = - ; 

n 7' 

or, if the dividing line bisect the perpendicular altitude, the 
pressure on the lower portion of the triangle will be seven 
times as great as that on the upper. 

4. To find the pressure which a diver sustains when the 
centre of gravity of the surface of his body is 32 feet under 
water. 

'* The surface of a middle-sized human body is about 1 
square feet. Multiply then 32, the depth of the center imder 
water, by 10, the surface of the body, and the product, or 32 
times 10 solid feet, will be a magnitude of water whose weight 
is eqidvalent to the pressure which the diver sustains. A cubick 
foot of water has been found by experiment to weigh 1000 
averdupois ounces, therefore 32 times 10 feet, or 16 times 
20 feet of water, will weigh 16 times 20000 averdupois ounces, 
or 20000 averdupois pounds. This therefore is the pressure 
of the water to which a diver at 32 feet depth is exposed." — 
Cotes : Hydrostcttical and Pneumatical Lectures, Lect. 3. 

6. To compare the pressures on the upper and lower portions 
of a hemispherical vessel full of fluid, the axis of the vessel 
being vertical, and the two portions being separated by a hori- 
zontal plane bisecting the axis. 

Let be the inclination of any radius of the bowl to its axis ; 
then, r representing the radius, the pressure on an annular strip 
of the bowl included between two consecutive horizontal planes, 
will be equal to 

ffp . 27rr sin . rdO . r cos 6 = irgpr^ sin 20 dO. 
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Hence the required ratio will be equal to 






W ^ i(l - i ) ^ 1 

sm 26rfe ^ ^ ^'^ 



6. A plane surface^ bounded by the arc of a parabola and 
the tangents at its extremities^ is immersed in water^ the point of 
intersection of the tangents coinciding with the surface of the 
fluids and the area of the parabola being vertical : to determine . 
the whole pressure on the plane surface. 

Let OA, OB, (fig. 2) be the two tangents to the parabola 
HABKf and let OA, OB, produced indefinitely, be the axes 
of X, y, respectively. Let a, /3, be the inclinations of OA, OB, 
respectively, to the horizon. 

The area of an elementary parallelogram Pp, the coordinates 
of P,p, being x, y, and x + dx, y + dy, respectively, will be 

dxdy sin (a + j3), 

and the depth of Pp below the surface of the fluid will be 

equal to 

:r sin a + y sin /3. 

Hence the pressure on the area A OB will be equal to 
gp sin (a + )3) ffdxdy (x sin a + y sin j3). 

Now, if OA = a, OB = b, the equation to the parabola will be 



©'^(i)'=- 



hence, integrating with regard to y firom y = to y = y, the y 
in the limit being the ordinate of a point in the curve, and then 
from a: = to a: = a, we have 

ffxdxdy = fxdx . y 
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Similarly we have JJydxdy = ^i'a. 

Hence the pressure on the area AOB is equal to 

^gpah sin (a + /3) {a sin a + i sin /3}. 

7. To determine the pressure on a loop of the Lemniscata of 
James Bernoulli^ the axis of the loop being yertical, and its 
vertex just touching the surface of the fluid. 

The polar equation to the curve is 

1^ - c? cos 2d, 

■ 

the axis of the loop being the prime radius vector, and the 
vertex being the pole. 

Hence, the depth of an elementary polar area rdOdr below the 

surface of the fluid being r cos 6, the pressure on the loop will 

be equal to 

gpffrdOdr .r cos 

= 2ffp\ I r*cos OdOdr 

J oJ 

= §^/>| f^ COS Ode 

Jo 

= lgp(^j^(co8 2df COS Ode 

= Iffpa'^il - 2 sin*©)* d sin 0. 

Put 2 sin' = sin' 0, or sin d = j- sin ; then we have for the 
pressure 

1 f^ 
^^^^'72 Jo ^°®**^* 

. gp a', jj (cos 4^+4 cos 2^ + 3) d^ 



3V2 
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8. A hemisphere, with a flat lid, as nearly as possible filled 
with fluid, is held with a point in its edge uppermost ; to find 
its position when the sum of the pressures on the curve and the 
plane surfaces is the greatest possible. 
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Let be the inclination of the axis of the hemisphere to the 
vertical^ and let r denote the radius. 

Then the area of the base is equal to ttt*^ and that of the 
curve surface to 27rr'. Also the depth of the centre of gravity 
of the base below the highest point of the rim is equal to r sin 0, 
and the depth of the centre of gravity of the curve surface^ 
which is at the middle point of the axis of the hemisphere, 
below the same point, is equal to 

r sin + 2 r cos 0. 

Hence the whole pressure on the two surfaces of the hemi- 
sphere is equal to 

gp {irr*. r sin + 2irr*. (r sin + Jr cos 0)} 

= wgpf^ (3 sin + cos 6). 
When this expression is a maximum, 

3 cos - sin = 0, 
or tan 0=3, 

which determines the required position. 

9. A rectangular board is immersed vertically in a fluid, one 
side of the board being coincident with the surface ; to find the 
pressure on the board. 

If a denote the length of a horizontal and i of a vertical side 
of the board, and p the density of the fluid, the required pressure 
will be equal to ypab\ 

Bossut: Traits <P JSydrodynamique, tom i. p. 33. 

10. A triangle of any form is immersed vertically in a fluid 
with one side in the surface ; to determine the whole pressure 
on the triangle. 

Let c represent the length of the side in the surface of the 
fluid, and h the distance of the opposite angle from this side ; 
then the required pressure will be equal to 

lgpch\ 

11. A board in the shape of an isosceles right-angled triangle 
with the squares on its sides, is placed with the upper side of 
the square opposite to the right angle in the surface of the fluid ; 
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to compare the sum of the pressures on the squares containing 
the right angle with the pressure on the square opposite to the 
right angle. 

If P = the pressure on the square opposite to the right angle^ 
and Q ^ the sum of the pressures on the squares containing the 
right angle, q ^ ^p 

12. A rectangle is immersed vertically in a fluid with one 
angle in the surface of the fluid ; to find the pressure upon it, 
and to determine the inclination of its sides to the surface when 
the pressure is a maximum. 

If 2fl, 26, be two of its unequal sides, and the inclination to 
the horizon of the diagonal through the angle which is in the 
surface of the fluid, the pressure will be equal to 

4gpab (a* + J')*, sin 0, 

which will evidently be the greatest possible when = Jtt, that 
is, when its sides 2a, 26, are inclined to the surface at angles 

tan"^ - , tan"* - , respectively. 

13. ABCD is a parallelogram, the diagonals AC, BD, of 
which intersect in jB, AB being in the surface of the fluid : to 
compare the pressures on the three triangles AEB, BEC, CED. 

If P, Q, Ry represent the three pressures, 

P: Q : -K:: 1 : 3 : 5. 

14. A triangle, of which the area is Ay is immersed in a fluid, 
the angular points being at depths A, A', A", below the surface of 
the fluid ; to flnd the pressure on the triangle. 

The pressure is equal to 

\gpA (A + A' + A"). 

15. A rod, inclined at any angle to the horizon, is just 
immersed in a fluid ; to divide it into four parts, which shall be 
equally pressed. 

Let a represent the length of the rod, and ar, x\ x"y z"'y the 
lengths of the four parts taken in order, beginning with the 
highest. Then 
X = Ja, X = \a (V2 - I), si' = \a (V3 - V2), x'" = Jo (2 - V3). 
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16. A cubical vessel, filled with fluid, is held so that one of 
its diagonals is vertical ; to compare the pressures on one of its 
higher and one of its lower faces. 

If P be the pressure on a higher and Q on a lower face, then 

Q = P (2 V3 - 1). 

17. A symmetrical pyramid is immersed in fluid with the 
surface of which its vertex just coincides ; the axis of the 
pyramid is vertical : to find the pressure on the surface of the 
pyramid, exclusively of the base, the length of each of the n 
sides of its polygonal base being «, and the height of each of its 
triangular faces being h. 

The required pressure is equal to 

\gpnah ( A* - | a^ cot^ — j . 

18. An ellipse is placed with its axis 'vertical and the ex- 
tremity of its axis major in the surface of a fluid ; to compare 
the pressure on the ellipse vrith the pressure on the circle of 
curvature at its highest vertex. 

If P denote the former and Q the latter of these pressures, 
then, 2a, 2 J, being the major and minor axes of the ellipse, 

P: Q::a':b\ 

19. A circular area is immersed vertically in a fluid, and has 
a point of its circumference in the surface ; the circular area 
being divided into two parts by a straight line drawn from its 
highest point at an angle of 45° to the horizon, to determine the 
ratio of the pressure on the larger to the pressure on the smaller 
portion. 

The required ratio is equal to 

97r + 8 
Stt- 8* 

20. A quadrant of a circle ACB is divided into two sectors 
ACPy PCBf and is immersed in a fluid so that ^(7 is coincident 
with the surface ; to compare the areas of the two sectors when 
they both experience the same pressure. 
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The area of the sector ACP must be double of that of the 
sector PCB. 

21. A semicircular area is placed in a fluid with its vertex 
downwards^ and its diameter coincident with the surface; to 
divide the area into n portions by horizontal ordinates^ such that 
the pressures upon all the portions may be equal. 

If a be the radius of the circle, and y^ the lower ordinate of 
the s^ portion, the diameter of the semicircle being the higher 
ordinate of the first portion, then 

or the values of y^, y,, yj ,. . . .will be respectively 

:^7»' H^i" i^j- 

2£. An eUiptic area is immersed vertically in fluid, the major 
axis coinciding with the surface; to find the pressure on the 
area included between the arc and the line joining the ex- 
tremities of two conjugate diameters. 

If a, by denote the semi-axes of the ellipse, and a, j3, the 
depths of the extremities of the two conjugate diameters, the 
required pressure will be equal to 

lirpab (a + /3). 

23. A parabola is immersed in a fluid with its axis vertical, 
its vertex A being at the surface ; S being its focus and P a 
point in its arc, to determine the pressure on the area included 
between the straight lines SA, SP, and the parabolic arc AP. 

If SA = m and SP = r, the required pressure will be equal to 

^ffp (rm - m')* . (2r^ + rm-\- 2m'). 

If r = 2m, or if SP be the semi-latus-rectum, the pressure 
will be equal to igpfn\ 

24. A cycloidal area is immersed in a fluids so that the 
tangent at its vertex lies in the surface ; to compare the pressure 
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on the whole area of the cycloid with that on a circular area of 
which the axis of the cycloid is a diameter. 

If P denote the pressure on the cycloidal and Q on the circular 
area^ then jP : Q :: 7 : 2. 

25. An elliptic area is placed with its major axis vertical, and 
its vertex is the surface of a fluid ; to compare the pressure of 
the fluid on the area included by the evolute of the ellipse with 
the pressure on the whole elliptic area. 

If e be the eccentricity of the ellipse, the ratio of the pressure 

on the area of the evolute to that on the area of the ellipse is 

equal to 

3 e' 

26. To find the whole pressure on the surface of a solid cone, 
including its circular base, when it is immersed in a fluid with 
its axis vertical and its vertex just at the surface. 

If r be the radius of the base, h the length of the axis, and 
I the distance of each point in the periphery of the base from 
the vertex, the required pressure will be equal to 

^irgphr (2l -i- 3r). 

27. A solid hemisphere is immersed in a fluid with its axis 
inclined at an angle 6 to the vertical, the surface of the fluid 
being a tangent plane to the hemisphere; to find the whole 
pressure on the convex surface of the hemisphere. 

If a denote the radius of the hemisphere, the required 
pressure will be equal to 

irgpa^ (2 - cos d), 

28. To divide a hollow sphere just filled with fluid by a circle 
parallel to the horizon into two parts which shall be equally 
pressed. 

Let represent the inclination of a radius of the sphere pass- 
ing through the circumference of the required circle to a line 
drawn vertically upwards from the centre of the sphere ; then 

cos = 1 - V2. 
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29. A hollow segment of a sphere rests on its base on an 
inclined plane ; supposing it to be just filled with fluid, to find 
the pressure on the spherical surface. 

If a denote the inclination of the plane to the horizon, /3 the 
angle subtended at the centre of the sphere by a diameter of the 
base of the segment, and r the radius of the sphere, the required 
pressure will be equal to 

47rff pr^ sin* ~ f 1 - cos a cos' — J . 

30. The axis of a given hollow cone filled with fluid is in- 
clined at a given angle to the horizon ; to find how much of the 
fluid will flow out, and to determine the pressure exerted by the 
remainder upon the conical surface. 

Let 2a = the vertical angle of the cone, /3 = the inclination 
of its axis to the horizon, a = the radius of its base ; then the 
volume of the fluid discharged will be equal to 

, 3 ^ f sin^ «3 + g) - sin" (jS - a) ) 
lira^ cot a . ^ -^ ^ ^^- i^l^ , 

•^ sin*(/3 + a) J 

and the required pressure will be equal to 

, 3 cos a . sin ^ /sin (/3 - a)|| 

^''^P''' sin* a • Isin (/3 + a)] * 



Section II. 

Normal Presswre of Heterogerieous Incompressible Fluids on the Surfaces 

of Immersed Solids, 

Let K denote any indefinitely small element of the surface of 
a solid immersed in a heterogeneous fluid, and let p denote the 
unit of pressure of the fluid at the area K; then jojff will repre- 
sent the pressure of the fluid on JT, and the magnitude of the 
pressure on the whole surface of the solid will be equal to 
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where 2 denotes the summation of a series of terms^ of which 
Kp is the general type, the limits of the summation being 
defined by the boundary of the immersed surface. The value 
of/? will be given by the formula 

p^'ECgp dx) = ^2(p dx\ 

p denoting the density of the fluid at a depth x below the 
surface of the fluid, the summation being performed with 
respect to x from x = to x= x, the value of a: in the second 
limit being the depth of IT below the surface. 

Supposing p tohe invariable, then 

p--g:2,(p dx) = gp ^(dx) = gpx, 

and S (Kp) = ffp^ ( JEr), 

and the formulae here given will degenerate into those of the 
preceding section for the pressure of homogeneous fluids. 

If p be not continuous, we must divide the depth of K below 
the surface into a series of parts, such that p may be continuous 
for each part, and must then take the sum of the values of 
^S (p dx) for the several strata as constituting the value ofp, 

1. A cylinder, the axis of which is vertical, is filled with 
fluid, the density of which varies directly as the depth ; to find 
the whole pressure on the concave surface of the cylinder. 

Let h denote the length of the cylinder, c the circumference 
of a circular section, p the density at the lowest points of the 
fluid and p' at any depth x. Then 

n 

p^^j^\\dx^^-4. 

^ h Jo 2A 

Hence the whole pressure required is equal to 

EncycL Metrop. Mixed Sciences^ vol. i. p. 176. 

2, A circular area is immersed vertically in fluid, its highest 
point just touching the surface of the fluid ; to determine the 
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whole pressure on the area^ the density of the fluid varying 
directly as the depth. 

Let /3 represent the density of the fluid at the centre of the 
circle ; the density, at a depth z below the surface, will there- 
fore be — , where a is the radius of the circle. Then 

a 

^ 2a 

Let r denote the distance of any point of the circular area 
from its centre, and the inclination of this distance to the 
vertical. Then, the pressure on an elemental area rdOdr being 

rdddr.p^^-^rdOdr.x' 

^ 2a 

= ?2 rrfO rfr. (a - r cos 0)», 

2a ^ ^ 

the whole pressure on the circular area will be equal to 

S!§ rf r{a^ - 2ar cos 6 + r* cos' 0) dOdr 
2a JoJo 

= 2^a'i3 P(i - § cos e + J cos' ey de 

Jo 

8. Equal masses of n different fluids, the densities of which, 

beginning with the highest fluid, are p^, p^, p^, p^, being 

placed in a cylindrical vessel the axis of which is vertical, to 
compare the pressures which they exert upon the side of the 
vessel. 

Let flj, a,, Oj,...^^, be the portions of the axis of the cylinder 

which are occupied by the fluids of densities p^, p^, /O3, p«> 

respectively. Let z denote the depth of an annular strip 
2irrdz of the cylinder, r being its radius, below the upper 
surface of the x^ fluid. Then, p being the unit of pressure at 
the annulus, 
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but^ the masses of the several fluids being equals 

Pi «1 = f>2 «2 = ft «3 = = P.-1 «c-l ^ 

hence P^gi^- Pi «i + 9Pj^y 

and therefore, P^ denoting the pressure on the a:* portion of 

the cylinder, we have 

Jo 

=^2irr.g {(x - Oft «» «. + ^p. a.'}; 
or, since p^ a^ = p, a^, 

= irgrp^ a^ (2x - 1) a. 

ft 
The expression for P^ shews that the pressures on the first, 
second, third, &c. portions of the cylinder are proportional to 

13 5 7 



9 9 9 9 

Pi P2 Ps Pi 

4. To find the whole pressure on the horizontal base of a 
vessel fiill of fiuid, supposing the density of the fiuid to vary 
as the altitude above the base. 

If p denote the density at the surface, h the height of the 
cylinder, and A the area of its base, the required pressure will 
be equal to 1^^^^, 

The same result will express the pressure on the base if the 
density be supposed to vary as the depth, and p to denote the 
density at the base. 

EncycL Metrop. vol. i. Mixed Sc. p. 176. 

Bossut: Traits cT Hydrodynamiquey p. 39. 

5. Masses oin different fiuids, which do not mix, the densities 
of which are pj, Pa> p3>« • • -P,* being placed in a vessel, to deter- 
mine the pressure on the base of the vessel, which is horizontal. 

If A represent the area of the base, and Aj, A,, A,,. . . .A^, the 
depths of the strata, the required pressure is equal to 

gA {pji^ + pA + Pa^s + • • • • + P«* J- 
Bossut: TraiU d* Hydrodynamiquey tom. i. p. 37. 

c 
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6. A cylinder, the axis of which is vertical, is filled with ' 
fluid, the density of which varies directly as the depth ; to find 
the pressure on the concave surface of a poj'tion of the cylinder 
included between two horizontal sections. 

If h denote the length of the cylinder, c the circumference of 
a circular section, p the density at the lowest points of the fluid, 
and J, V, the depths of the two horizontal sections, the required 
pressure will be equal to 

h" - y 

Bossut: TraiU cP Hydrodynamiquey torn. i. p. 40. 

7. A semicircle, having its diameter in the surface of a fluid, 
is divided into three equal sectors ; to compare the sum of the 
pressures on the outer sectors with the pressure on the middle 
sector, the density of the fluid being supposed to vary as the 
depth. 

If P represent the sum of the pressures on the two outer 
sectors, and Q the pressure on the middle sector, then 

P : Q :: 4ir - 3V3 : 27r + 3V3. 

8. A cycloidal area is immersed in fluid, with its axis vertical 
and its vertex at the surface ; to determine the whole pressure 
on the cycloid, the density of the fluid varying directly as the 
depth. 

If a denote the radius of the generating circle, and /3 the 
density of the fluid at the middle point of the axis of the cycloid, 
the whole pressure on the cycloidal area will be equal to 

9. The density of the fluid being supposed to vary as the 
depth, to flnd the pressure upon a triangular plane, one angle 
of which is a right angle and the base of which coincides with 
the surface of the fluid, the inclination of the plane to the 
horizon being given. 

Let h be the height of the triangle, I the length of its base, 
9 the inclination of its area to the horizon, and /3 the density 
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of the fluid at a depth a below its surface ; then the required 
pressure will be equal to 



gm 



24a 



- . sin' 0. 



Section III. 

Normal Presswre of Aeriform Fluids of Uniform Temperature on the 

Surfaces of Solids. 

In elastic or aeriform fluids of uniform temperature, the value 
of j!? is to be determined from the two equations 

dp = gpdx, p = kp, 

where k is b, constant quantity dependent upon the elasticity 
of the fluid ; the total normal pressure upon the surface of any 
solid immersed in the fluid being then determined, as in the 
preceding section, by the evaluation of the expression S (JKp), 

Eliminating p between the two equations, we have 

p k 
or, putting r = ^> -^ = \dx\ 

K p 

whence, C being an arbitrary constant, we obtain 
Hence the total normal pressure is equal to 

In the aeriform fluids of nature, \ is an extremely small 
quantity, and therefore, approximately, unless x be very large, 
as for instance in estimating the pressure of the earth's at- 
mosphere at points very near the surface of the earth, we shall 
have J9 = C, and therefore the formula for the pressure will be 
reduced to CS ( JT). 

The ancient philosophers were ignorant that air is a ponder- 
able fluid. They conceived all substances as naturally arranging 

c2 
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themselves into two classes^ the one class comprehending heavj/ 
and the other light bodies, those bodies being regarded as 
essentially heavy which tend to fall towards the earth, and those 
as essentially light which tend to rise from it. This misconception 
of the mechanical properties of air resulted from their ignorance 
of the true theory of such phenomena as depending upon the 
displacement of heavy fluids or bodies by bodies or fluids more 
heavy, all substances in fact naturally tending to descend. The 
idea of the ponderable nature of air first presented itself to 
Galileo ; the first confirmation however of this notion by the 
test of experiment is due to his pupil Torricelli. In accordance 
with Galileo's idea, the pressure of the atmosphere, as indicated 
by the Torricellian tube or ordinary barometer, must be greater 
at the level of the sea than at the summits of mountains. The 
first independent proof of this conclusion was afibrded by 
Pascal's experiments, in the year 1648, on the mountain of 
Puy-de-Dome, near Clermont in Auvergne : in ascending from 
the foot to an altitude of 3000 Paris feet, the barometric column 
subsided three inches and one eighth of an inch ; or, in English 
measure, in ascending to an altitude of 3204 feet, the height 
of the quicksilver was diminished by three inches and one third 
of an inch. 

1. An upright cylinder, closed at both ends, is filled with an 
elastic fluid; to determine the whole pressure on the concave 
surface of the vessel. 

Let /3 denote the elastic force of the fluid at the upper end 
of the vessel ; then 

and therefore i^ = i3 • «^** 

Hence, c denoting the circumference of a horizontal section and 
h the altitude of the cylinder, the required pressure will be 
equal to 

Ccdx, (ie^' = cjS f\^'. c& = ^ (e>^* - 1). 
Jo Jo A/ 

Supposing X to be very small and A not very large, we see that, 
expanding c^* by powers of XA, and neglecting terms of higher 
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powers than the first, the expression for the pressure will be 
reduced to cfih. 

2. If the density of a fluid, supposed to consist of an in- 
definite number of mutually repellent particles at finite intervals, 
vary as the pressure, to determine the law of the repulsive 
force between the particles. 

Conceive the fluid to be contained in the cubical space A CE 
(fig. 3)9 and then to be reduced by compression into the smaller 
cubical space dee ; and the distances between the particles, 
occup)dng a similar position inter se in both theT spaces, will 
be as the sides ABy aby of the cubes, and the densities of the 
media reciprocally as the containing spaces, viz. the cube of AB 
and the cube of ab. 

In the plane face of the greater cube ABCD take the square 

DP equal to the plane face db of the smaller cube ; then, by 

the hypothesis. 

Pressure of DP on the included fluid 

: pressure of db on the included fluid 

: : density of fluid DE : density of fluid de 

::(abf:{ABy. 
But 

Pressure of DB on the included fluid 

: pressure of DP on the included fluid 

: : area DB : area DP 

::(ABf:(ab)\ 
Hence 

Pressure of DB on the included fluid 

: pressure of db on the included fluid 

:: ctb: AB. 

Conceive planes FGHy fghy to be drawn through the two 
fluids parallel to their faces AEy ae \ these planes will divide 
the fluids into two parts which will press against each other 
with the same forces with which the fluids are pressed by the 
planes ACy ac, that is, in the proportion of ab to AB ; and 
accordingly the repulsive forces, by which these pressures are 
sustained, will be in the same ratio. But, the number of the 
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particles in the two cubes being the same and their positions 
being similar, the total mutual pressures of the two portions of 
the fluids at the planes FGH,/gh, are as the mutual repulsive 
forces of two similar particles in these two cubes. Hence 

The repulsive force between two particles in the larger cube : 
the repulsive force between two particles similarly situated in 

the smaller cube :: ab : AB ::-:—, r and r' being the dis- 

r r 

tances between the two particles in the former and in the latter 

cube. 

CoR. The converse proposition is also true. Suppose, in 
fact, that the mutual repulsions between two similarly situated 

particles in the two cubes are as - : - . Then the total pres- 

T T 

sures on the faces DBy db, will be as the sums of the forces of 
the separate particles, or, the number of the particles at these 

faces being the same, as - : - , that is, as ab : AB. Also 

T T 

Pressure of DP : pressure of IkB : : {abj : {ABJ ; 

hence 

Pressure of DP : pressure oi dbw {abj i (ABf 

: : density of -4 CE: density of ace. 
Newton: Principiay Lib. ii. Sect. 5, Prop. 23. 

Z, A spherical envelope is filled with elastic fluid ; to deter- 
mine the whcde pressure on the envelope. 

Let /3 represent the unit of pressure of the fluid at the centre 
of the envelope, and let a denote its radius; then the required 
pressure wiU be equal to 

If X be a very small quantity, then, supposing a not to be 
large, this expression, by puting 1 + Aa, 1 - Xa, for e^", c'^** 
respectively, is reduced to 

47ra'/3, 

a value which might have been obtained at once by multiplying 
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the whole area of the spherical envelope, viz. 47ra', by the 
invariable unit of pressure of the fluid, viz. /3. 

4. A fluid being supposed to consist of an indefinite number 
of particles at finite intervals, and the repulsive force between 
two neighbouring particles being supposed to vary inversely as 
the n*^ power of their distance, to determine the relation 
between the density and the elastic force of the fluid. 

n-t-2 

Elastic force oo (Density) ' . 
The converse proposition is also true. 

Newton : Principta, Lib. ii.. Sect. 5, Prop. 23, Scholium. 



CHAPTER II. 



RESULTANT PRESSURES OF FLUIDS ON THE PLANE SURFACES OF 

IMMERSED SOLIDS. 



Section I. 
Homogeneow Incompressible Fluids. 

Let K be an elemental portion of a plane area immersed in a 
fluid at any inclination to the horizon^ and let h be the depth of 
K below the surface of the fluid ; then, p being the density of the 
fluid, the pressure on K will be equal to gphK, On every such 
small element of the immersed area a corresponding force will 
act. The immersed area will therefore be acted upon at right 
angles by an indefinite number of parallel forces all tending in 
the same direction ; let the resultant of these forces be i2, and, 
taking any system of coordinate axes, rectsemgular or oblique, in 
the plane of the immersed area, let ^, y, be the coordinates of 
the point of the area at which R acts. Then x, y, iS, may be 
determined &om the three equations 

R = gp'S. {hK)y x.R = gp^ ihxK), y,R = ^pS (AyJT), 

the formulae for x, y, being 

^ S {hxK) ^ S QiyK) 

2 ihK) ' ^ S QiK) ' 

the limits of the summations being dependent upon the form of 
the immersed area. The point of which x and y are the co- 
ordinates is called the Centre of Pressure, 

If the axes of coordinates be at right angles to each other, 
^pS (hxK) and gp^ (%^) denote the moments of the pressure 
of the fluid about the axis of y and x respectively. 
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If the axes of coordinates be at right angles to each other, 
and that of y be in the surface of the fluid, then, being the 
inclination of the immersed area to the vertical, 

h - X cos 0y JT = dxdy, 



and therefore 



S {xK) ' ^ S (xK) ' 



these formulae shew that, if the immersed area be a plane 
lamina of uniform thickness, moveable about the axis of y, the 
Centre of Pressure will coincide with the Centre of Percussion, 
a proposition demonstrated by Cotes, (Hydrostatical and Pneu- 
matical Lectures, pp. 41, 42, 3rd. edit.). 

If we adopt the notation of the Integral Calculus, we have, 
putting K = dxdtfy 

- _ JJhxdxdy - _ JJhydxdy 
^ " Jjhdxdy ' ^ " fjhdxdy ' 

the limits of the integration depending upon the boundary of 
the area. If the boundary of the area be discontinuous, we 
must divide the area into a number of portions with continuous 
boundaries ; we must then take the sum of the values of each 
of the integrals 

Jfxdxdy, ffa^dxdy, ffxydxdy, 

for these several portions, to express its value for the whole of 
the immersed area. It is frequently more convenient to adopt 
polar formulae. 

If the axes of coordinates be rectangular, that of y being 
parallel to the surface of the fluid, and the area immersed be 
symmetrical with regard tb the axis of x, it is plain that the 
Centre of Pressure must lie in the axis of x, and it is therefore 
necessary to evaluate only the two expressions 2 (hK) and 
S (hxK), 

The idea of a Centre of Pressure on a plane surface subjected 
to the pressure of a fluid, was first developed by Stevin in his 
Beghinselen der Waaghconst, published in 1585. The existing 
state of analysis rendered it impossible to make any but the 
most elementary applications of his conception. He has actually 
calculated however the position the centre of pressure of a 
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parallelogram immersed to any depth in a fluids with one edge 
parallel to the surface^ the plane of the parallelogram being 
inclined at any angle whateyer to the horizon^ and has laid 
down on correct mechanical principles a general sketch of the 
method of extending such a computation to any plane rectilinear 
figures whatever. These inyestigations may be seen in the 
French translation of Stevin's works by Albert Girard, pp. 495, 
496, 497. On the discovery of the principles of the infinitesimal 
analysis, the determination of the centres of pressure of planes 
of various forms was effected without difficulty. Among the 
earliest writers who have treated on the problem o£ the centre 
of pressure may be mentioned Herman, Phorofiomia, p. 141, 
anno 1716, and Cotes, Hydrostatical and Pneumatical Lectures, 
pp. 40, 3rd. edit. 

1. To find the c^tre of pressure of a paraUelogram immersed 
in a fluid, one edge of the parallelogram being in the surface. 

Let ABCD (fig. 4) be the parallelogram, OE being a straight 
line joining the middle points O, JS, of the two horizontal sides. 
Let OEy OBy produced indefinitely to x, y, be taken as the 
axes of coordinates. Let PP, pp\ be two lines parallel to AB, 
cutting OE in two points M, my very near to each other. Then, 
a being the inclination of Ox to Oy, 

K- 2ydx .sin a, 

h = X sin a; 
and therefore, if OE = /, 

I 2ydx . sin a . ^ sin a . a; = ^1 2ydx sin a . a; sin a, 

or, y being invariable, 

I x^ dx = x \ xdx, 

Jo Jo 

3/ = ijfr • Xy 

« 

which shews that, if O be the centre of pressure, 

OG = 2GE. 

" Si le fond d^une eau n^est d niveau, estant parallehgratntney 
duquel le plus haut cosU soit a jleur d* eau, et de son milieuy au 
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milieu de sen co$ti opposite^ est menie une Ugne; le centre de 
gravity (du pressement de Veau congreg^ contre le fond) divise 
ceste ligne de telle sorte, qtte la partie haute a la basse est en 
raison double.^* 

Stevin: CEuvres Mathimatiqt^es par Albert Girardy p. 495. 

2. To find the centre of pressure of a portion of a parabolic 
area bounded by the axis of the parabola^ the curye^ and an 
ordinate at right angles to die axis^ supposing the ordinate to 
lie in the surface of the fluid. 

Let a denote the portion of the axis between the foot of the 
ordinate and the vertex of the parabola^ and b the length of the 
ordinate. Let the axis of x coincide with the axis of the para- 
bola^ and the axis of y with the tangent at its vertex^ and let 
6 be the inclination of the axis of the parabola to the vertical. 

Then, supposing the parabola to be divided into small strips, 
contained between consecutive ordinates, we have 

JST = y dxy h == (a - x) cos ; 
and therefore x I ydx.(a-x)= I xydx,{a-x)y 

Jo Jo 



X 



I (a- x)x dx = I {a ~ x) X dx, 



x,(la,a -la) = la .a -^a , 

Again, dividing the parabolic area into elementary rectangles 
dxdyy we have 

(a - x) dxdy = \ \ {a- x)y dxdy, 

i J oJ 

y I (a ~ x) ydx = i 1 (a- x) y^dx; 

Jo Jo 

or, 4m being the latus rectum of the parabola, 

y I (a- x) xdx = m I (a ~ x) x dx, 

p.(§-|) = (ma)*.Q-J), 
y = 'i(maf = ^b. 
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3. To find the centre of pressure of a triangle immersed 
vertically to any depth beneath the surface of a fluids the base 
of the triangle being horizontal and its vertex being the point 
of the triangle which is nearest to the surface. 

Let c denote the depth of the vertex of the triangle below 
the surface, h the altitude of the vertex above the base. Let x 
be the depth, below the vertex, of any line y drawn parallel to 
the base of the triangle and intercepted by the other two sides. 
Then, c -\- x being the depth of the elemental strip y dx below 
the surface, we have, supposing x to be the depth of the centre 
of pressure below the vertex, 

X . I (x -{■ c)ydx = I ((X-\-c)xydx; 

Jo Jo 

or, since y varies directly as Xy 

x. I (x + c) xdx = I (x + c) x^ dx, 

Jo J 

3A+ 4c 



X 



= h. 



4A 4 6c ' 



Since the line y is always bisected by a line passing through 
the vertex of the triangle and the middle point of its base, it is 
obvious that the centre of pressure must lie in this bisecting 
line. Its distance from the vertex, if I denote the length and 
the inclination of the bisecting line to the horizon, will be 

equal to 

^ ^ - 3A + 4c , 3A + 4c 

X cosec u - cosec u ,n , -^ «= ^ —z . 

4A + 6c 4A + 6c 

4. To find the centre of pressure of a square AB (fig. 5) 
immersed to a given depth below the surface of a fluid, one of 
its diagonals OC being vertical. 

Let the diagonal CO produced meet the surface KDL in the 
point D, and let 0X> = h; let OA, OB, produced indefinitely 
be the axes of x and y. Let x, y, be the coordinates of a point 
P of the square, and x + dx, y 4 dy, of a point p indefinitely 
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near to it ; then the depth of the elementary square, of which 
Pp is a diagonal, below the surface of the fluid, being 



h + 



x-\-t/ 



V2 ' 

and its area being dxdy, we have, a denoting a side of the 
square AB^ 



X 



!1{^ ^ ^) ^'^^ =/X(* ^ m)''^^^y- 



The coefficient of "x in this equation is equal to 

Jo\ V2 2V2y 2V2 2V2 ^2^ ^' 

and the right-hand side of the equation is equal to 

rfiAaV^+ -^Vy = iA«'+-^+ "*/- = -i (6A V2 -f 7a). 

JoV 2V2 3V2y ^ ^ 4V2 3V2 12\/2^ ^ 

TT - o 6A\/2 + 7a 

JtLence a; = — . —^—, • 

12 AV2 + a 

5. An area bounded by the curve 

r = a (1 + cos 0), 

is immersed vertically in a fluid, the prime radius vector being 
coincident with the surface ; to find the depth of the centre of 
pressure. 

The required depth being denoted by x, we must determine 
X from the equation 

X ffrdOdr . r sin fl = ffrdO dr . r* sin' 0, 

r sin 6 being the depth of the element rdddr below the surface. 
Indicating the limits, 

fTr* sin BdOdr == H r^ sin' OdOdr, 

J oJ J oJ 

ff^ sin Ode = } fr* sin' OdO, 

Jo Jo 

Ji 1(1 + cos Of sin Odd = Ja ((1 + cos Of sin' 9d9. 

Jo Jo 

Now r (1 + cos Of sin Odd = o{- i (1 + cos (?/} = 4. 



a; 



^x 
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Also 

(1 + COS e)'sin'«rf6l = (l + 4 COS e+ 6 cos'9 + 4 cos'e + cos*e)siii'^«rfe 

= J(l - cos 20) de + 4: sin'* rfsin (9 + |(1 - cos 40) d0 

+ 4 (sin' - sin* 0) rf sin 6 + sin' cos* 0d0, 

and therefore 

/"(l + cos 0)* sin' 0rf0 = 1 TT + f TT + f sin' cos* 0rf0 

Jo Jo 

= t7r+ f 8in'0cos*fl<?e; 

Jo 

but, integrating by parts, 

[ sin' cos*0 rf0 = - i [sin cos* 0^ + ij cos* 0e/0 

= jrcos*0(l -sin'0)rf0 
= J f'cos* 0rf0, 
Tcos* 0rf0 = [cos'* sin j + 3 [ cos' sin' 0d0 



fn fit 

= 1 cos'0rf0 = i (1 +cos20)rf0 = |7r; 

Jo Jo 

and therefore 

f (1 + COS0)* sin'0rf0 = I ,r + ,- = — . 
Jo 16 16 

21ir 
Hence ^a:.4 = Ja. -— 

16 

_ 637ra 

X = • 

256 

6. An elliptic area PCD, bounded by two conjugate semi- 
diameters CP, CD, and the intercepted arc, is immersed 
vertically in a fluid, CD coinciding with the surface; to find 
the centre of pressure. 

Let CP and CD be taken as the axes of x and y respectively. 
Let a denote the angle between CP and CD; let CP = a, 
CD^b. 

Then the area of an elementary parallelogram, the sides of 
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which are dzy dtfy parallel to the axes of coordinates^ will be 
dxdy sin a^ and its depth below the surface will be x sin a. 
Hence x and y are to be found from the equations 

X ffdxdy^sin a . 2; sin a = ffdxdy sin a . 2; sin a . x, 

or^ reducing and indicating the limits^ 

no ry ra 
xdxdy = I I a? dxdy , (1), 

and y ffdxdy sin a . a; sin a = ffdxdy sin a . 2; sin a . y, 
or y / / ^^^y = I I xydxdy (2). 

J oJ J (J 

Now I / xdxdy = I 2;y{£r = - \ x (a^ - a^fdx 

J oJ Jo U J 

Also I / xydxdy =^- I a^(a^-a^fdx; 

J OJ a Jo 

but r X' (a' -3?} dx = "j- Ja; (a' - a;'/| + J J (a' - af*/ «& ; 

= Ja' I (a' - a:')* <fo - J I a? (o' - a:')* da; 

Jo Jo 

^W {\(^-x^j dx 
= Ja'. jTra* = ^va^'y 

and therefore I I xydxdy = ^ira^b, 

xydxdy = J f — j (a* - aJ*) a;£fo 
) Jo a 

= J a'b\ 
Hence, from (I), 5 . J «'J = ^ t^'J, 
and therefore ^ = ^ ^ra, 

and, from (2), y • 3 <3f'J = 5 a'J', 

and therefore y = i *• 
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7. A rectangular flood-gate is moveable about its lowest edge 
as a horizontal axis ; having given the depth of the wat^r on 
each side, to determine the moment of the couple which will 
keep it at rest. 

Let c, c'y represent the altitudes of the surfaces of the water 
on the two sides of the gate above its lowest edge : let i denote 
the breadth of the gate. Then, x being the depth of any point 
of the gate below the surface on one side, the moment exerted 
by the water on this side to produce rotation about the axis is 
equal to 

I gpx . bdx ,{c - x) 

Jo 

The opposite moment due to the fluid on the other side will 
accordingly, putting c instead of o, be equal to 

Igphc^. 

Hence the moment of the required couple will be equal to 

8. To find the centre of pressure of a rectangular plank 
immersed vertically to any depth within a fluid, the two ends 
of the plank being horizontal. 

If a be the depth of tlie upper and b of the lower end of the 
plank, the depth of the centre of pressure will be equal to 

3'y-a'' 
Stevin: (Euvres Math^matiques par Albert Oirard, p. 496. 

9. A circular area is just immersed in a fluid; to find the 
depth of the centre of pressure below the centre of the area. 

If r denote the radius of the circle, the required depth will 
be equal to Jr. 

10. To find the position of the centre of pressure of an 
equilateral triangle having one angle in the surface of the fluid 
and one side vertical. 

Let I represent the length of a side of the triangle, and h the 
distance of one of its angles from the opposite side ; then, the 
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angle of the triangle opposite to the vertical side being taken 
as origin of coordinates^ the axis of x being taken horizontal so 
as to bisect the vertical side, and the axis of y being taken 
vertically downwards, 

11. To find the centre of pressure of a segment of a parabola 
cut off by a chord passing through the vertex, the tangent at 
which lies in the surface of the fluid, and inclined at an angle 
of 45° to the axis. 

The axis of the parabola and the tangent at its vertex being 
taken as the axes oix and y respectively, and I representing the 
latus rectum, 

12. A parabolic area (fig. 6), cut off by a single ordinate, the 
abscissa of which is equal to the latus rectum, is immersed 
vertically in fluid, its axis being inclined at an angle of 30° to 
the horizon, and its vertex being at a distance equal to the 
latus rectum below the surface: to determine the position of 
the centre of pressure. 

Let the axis of the parabola be taken as the axis of x, and the 
tangent at its vertex as the axis of y, and let I denote the latus 
rectum. Then 



7 oo tvo — J 
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13. An area in the form of a sector of an equilateral hyper- 
bola, bounded by the axis, a line through the centre, and the 
curve, is placed in a fluid with the axis in its surface : to find 
the depth of the centre of pressure. 

If a be the semi-axis of the hyperbola, and a the angle 
between the two radii vectores of the sector, the required depth 
will be equal to 

3 tan 2a + log(l- tan a)-log(l +tana) 

cos a . (sec 2a)4 - 1 

D 
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14. Two equal parabolas^ with the same vertex^ having their 
axes at right angles to each other^ are immersed vertically in a 
fluids the axis of one of them coinciding with the surface : to 
determine the position of the centre of pressure of the area 
which is common to both. 

Let I represent the latus rectum of each parabola^ then^ the 
axis of X extending vertically downwards in coincidence with the 
axis of one parabola^ and the axis of y coinciding in the surface 
of the fluid with the axis of the other parabola^ 

15. A flood-gate ADO (fig. 7) moves upon a vertical axis 
AO, the area -4 Z>0, on one side of the axis, being the quadrant 
of a circle, and, on the other side, a rectangle ABCO of the 
same altitude : to determine the width AB of the parallelogram 
so that the gate may just open by the pressure of the water 
when it has risen to the top. 

If a represent the radius of the circle, and x the width of the 

rectangle, 

a 
X = — . 

16. A hollow cube, just filled with heavy fluid, is held with 
one diagonal vertical : to find the centre of pressure of one 
of the lower faces. 

If a denote the length of each edge of the cube, and if the 
lowest point of the cube be taten as the origin of coordinates, 
the axes of coordinates being two sides of a lower face, the 
centre of pressure of this face is given by the equations 

^ = si« = y- 

17. The axis of a cylindrical vessel, containing a known 
quantity of fluid, is inclined at a given angle to the horizon : to 
determine the centre of pressure of its base. 

If r represent the radius of the cylinder, c^ the known 
quantity of fluid, and a the inclination of the axis of the cylinder 
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to the horizon, the distance of the centre of pressure from the 
geometrical centre of the base is equal to 

irr* 



4d* tan a * 



Section III. 
Heterogeneous Incompressible Fluids, 

If the fluid be heterogeneous, let p denote the unit of pressure 

at any elemental area JT, then, the notation of the preceding 

section being retained, we shall have, instead of the formulse 

there given, 

_ S {pKx) _ S {pKy ) 

If, with the increase of the depth, the density of the fluid and 
therefore the unit of pressure vary discontinuously, we must 
subdivide the fluid into a series of horizontal strata, such that 
the law of the variation of the density and unit of pressure shall 
be continuous throughout each of them. We must then take 
the sum of the values of each of the expressions 

S(/?ir), SOiCr), SCjE^iTy), 

for the several strata to which the plane surface is exposed, as 
constituting its value in the preceding formulae. 

1. To find the centre of pressure of a parallelogram OC 
(fig. 8) immersed vertically in a fluid with one angle at the 
surface, the density of the fluid being supposed to vary as the 
depth. 

Let a, /3, be the inclinations of the sides 0-4, OBy to the 
vertical ; let OA = o, OB = 6. Let Pp be any elemental 
parallelogram in the area 0(7, its sides dx^ dy^ being parallel to 
the axes of Xy y, respectively, that is, to the sides OA, OB, 
produced indeflnitely. 

Then, h being the depth of P below the surface, 

h = X cos a + y cos /3, 

d2 
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and^ k denoting a constant quantity, 

P = / gpdh = hg I hdh = \hgl? ; 

Jo •/ 

whence P - h^ {^ cos a + y cos /3/. 

Thus, dx dy sin (a + j3) being the area of Pp, 

^ \ \ (x cos a+y cos /3/ didy = I I (a: cos a + y cos Pfxdxdy. 
Now / (;i; cos a + y cos)3)' dy = Jar' cos'a + 4'a: cos a cos j3 + JJ' cos'/3, 

Jo 

I I (a:cosa+ycos/3/efody=JC3«'cos'a-f Ja'Jcosacosj3 + iaJ'cos'/3), 

d 



(x cos a + y COS /3/ xdxdy 

= J (Ja* cos' a + ^a'J cos a cos /3 + ga'J' cos' /3) : 
hence 

X . (Ja' cos' a + JaJ cos a cos j3 + J6' cos' /3) 

= (Ja' cos' a + JaJ cos a cos j3 + \V cos' j3) a, 

3 . (4a' cos' a + 6aJ cos a cos j3 + 4 J' cos' )3) 

= a . (3a' cos' a + 4aJ cos a cos /3 + 2 J' cos' )3). 
Similarly 

y . (4 J' cos' /3 + 6 Ja cos /3 cos a 4 4a' cos' a) 

= h (3i' cos' j3 4 45a cos /3 cos a + 2a' cos' a). 

2. To find the centre of pressure of a rectangular board 
immersed vertically in a vessel containing three fluids of dif- 
ferent densities, the length of the board being just equal to the 
whole depth of the fluid and being divided by the three fluid 
strata into three equal parts. 

Let a be the length of each portion of the board, and let 
p, p', p", be the densities of the three fluids, reckoning from the 
highest. Then, at a depth x below the edge of the higher 
extremity of the board, 

P = 99^9 ill the highest fluid ; 

p .= gp<^ + 9p' (^ - «)> ill the middle fluid ; 

p - gpa + gpa + gp" (x - 2a), in the lowest fluid. 
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Hence^ m denoting the breadth of the board, we have^ putting 
mdx for JT, 

^^{pK) = gpm \ xdx=^ Igpt^ ' 

•^ 

/2a 
(pa - p'a + p'x) dx 

= gma^ (p + Ip') : 

^J\pK) = gm I {pa + p'a - 2p"a + p"x} dx 

= gma^ (p + p' + ip") : 
and therefore 

SoXi^iT) = \gma' (5p + Sp' + p"). 
Again 'St^pKx) = jrpm j a;Wa; = Igpma^ : 

Jo 

^^pKx) = ^w I (pa - p'a + p'a:) a;cfe 

= gnia^ Up + ip ) : 






^JXpKx) = ^m I Cp« + P « - 2p"o + p"x) xdx 

^gma'Qp+y + ip"): 
and therefore 

'S.^^pKx) = Jsrma''(13p + lOp + 4p"). 

Hence 5 = §a . — ;r ;rT ?r- • 

^ 5p + 3p + p' 

3. A semicircular area is just immersed in a fluids its 
diameter being horizontal ; the density of the fluid varies as the 
depth : to determine the centre of pressure. 

The centre of pressure will be in the vertical radius of the 

semicircle^ and^ a denoting the radius^ at a distance from the 

centre equal to 

32 a 

15^' 

4. A segment of a parabola^ cut off by a double ordinate to 
the axis, is immersed in a fluid the density of which varies as 
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the depth ; the tangent at the vertex of the segment lies in 
the surface of the fluid: to find the depth of the centre of 
pressure. 

If h represent the length of the axis of the parabolic segment, 
the required depth will be equal to Ih, 

5. A segment of a parabola, cut oflF by a double ordinate to 
the axis, is immersed in a fluid, the density of which varies as 
the depth ; the base of the segment lies in the surface of the 
fluid : to find the centre of pressure. 

If h denote the length of the axis of the segment, and x the 
altitude of the centre of pressure above the vertex. 



CHAPTER HI. 



RESULTANT PRESSURES OF FLUIDS ON CURVED SURFACES OF 

IMMERSED SOLIDS. 



Let K be any indefinitely small element of the surface of 
a solid at a depth h below the surface of a homogeneous incom- 
pressible fluids and let p be the density of the fluid. Let 
Ay B, Cy be the areas of the projections of K upon the coordi- 
nate planes yzy zxy xy, respectively, the axes of coordinates 
being supposed to be rectangxdar. Let X, Y, Z, be the com- 
ponents of the resultant pressure, and Xy y, z, the coordinates of 
any point in its direction. 

Then, the limits of the summation being defined by the 
boundary of the surface, 

X^ffp^ihA), Y=gp^(hB)y Z^gp^(hC\ 

Zy- Yz^gp{2.{hCy)-'Z{hBz)\^Ly 

Xz" Zx = gp {^ (hAz) - S(AGr)} = Jtf", 

Yx'Xy'^gp {^{hBx)- S (hAy)} = N: 

from the first three of these equations we can determine the 
magnitude of the resultant ; and, eliminating X, Yy Z, we have 
for the equations to its direction, any two of the three equations 

yS (hC) - 52 (hB) =^(hOy)-:S, (hBz)y 

5S {hA) - 5S (AC) = S (hAz) - S (hCx)y 

52 {hB) - y 2 {hA) = 2 {hBx) - 2 {hAy). 

In these formulae, whenever X acts in the negative instead 
of the positive direction, we must replace Ahj - A: analogous 
remarks are applicable to the actions of Y and Z. 
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Multiplying i, My iV, by X, F, Z, respectively, we see that 

ix + jfy+ivz=o, 

which is the condition necessary that the three equations 
defining the direction of the resultant force may coexist ; in 
other words, this relation is the condition that the pressures 
on the elements of the surface may be all reducible to a single 
resultant. 

If the fluid be a heterogeneous fluid, then, p denoting the 
unit of pressure at Ky we must replace the six preceding 
equations for the determination of the resultant pressure by 
the six following : 

X=S(i?^), r=S(i>B), Z=S(i>(7); 

yS {pG) - is {pB) = ^{pOy) - S ipBz)y 

^S ipA) - SS (pC) = ^(pAz) - S (pCz)y 

is (pB) - y S {pA) = 'S.ipBx) - S {pAy) : 

the value of j? in these equations, if the fluid be incompressible, 
will be some function of A, and, p being some given ftinction 
of hy may be determined from the equation 

dp = gpdh : 

if the fluid be elastic, then, ^ denoting the force of gravity, 
k a constant quantity dependent upon the elasticity of the fluid, 
and C an arbitrary constant which may be determined when 
simultaneous values of h and p are given, 

gh 
p^ C.€*. 

h 

If g be very small compared with r 9 or the weight of the 

fluid be inconsiderable in comparison with its elastic force, then 
p^ C very nearly, or the unit of pressure is the same at every 
point. 

Let ^S represent the magnitude of any area immersed in a 
fluid ; through the periphery of S conceive an indefinite number 
of vertical lines to be drawn so as to trace out on the horizontal 
plane coinciding with the surface of the fluid a curvilinear 
figure including an area of magnitude *S'. Also let V denote 
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the volume included between these vertical lines and the areas 
S, S'. Then, in accordance with the equations 

we see that the vertical pressure upon S is equal to the weight 
of the volume V of the fluid. ' 

1. A vessel, bounded by two vertical planes at right angles 
to each other, and a paraboloid of revolution, the axis of which 
coincides with the intersection of the planes, is flUed with fluid 
as far as the focus : to determine the magnitude and direction 
of the resultant pressure. 

Let the vertex of the paraboloid be taken as the origin of 
coordinates, and its axis as the axis of z, the plane of xz being 
supposed to bisect the right angle contained between the two 
vertical planes. It is evident that, the surface being sym- 
metrical with regard to the plane of xzy the resultant pressure 
must lie within the plane zz. Hence it will be necessary to 
take only the equations 

X^gp^{hA\ Z^-^gp^(hC\ 

is {hA) + 5S (A<7) = S (hAz) + S QiCx). 

Let 4m be the latus rectum of the paraboloid ; then h^m-z^ 
and therefore, the integrations being performed from y = - {2mz^ 
to y = (2mz)^, and from z = to z - m, 

S (hA) = //(m - z) dydz 



= 2 (2m> I ( 

Jo 



1 1 
mz - z) dz = fs wV2, 



if"* * ^ 
S (hAz) = jj{m - z) z.dy <fo = 2 {2mf (mz^ - «*) efe = ^ mV2. 

Jo 

Again, r being the distance of the small area C from the 
origin of coordinates, and d the inclination of r to the axis of x^ 

^(kC) = ffim-z)rdedr 



-//( 



m 1 rdOdVy 

4mJ 



the integration being performed from r = to r = 2m, and from 
d = - Jtt to = Jtt : hence 

S(AC) = m7rfe = j7rm^ 
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also^ between the same limits^ 

S (hCx) = fj(m - z) zrdOdr 



■//( 



m ) r cos d . rdOdr 

4mJ 



= Jf m*/co8 Ode 

16V2 , 

= m . 

16 

Hence, iJ denoting the resultant pressure, 

and the equations to its direction will be 

8V2 - , - 136V2 
and _,^J^^ = __^. 

2. A hemispheroidal bowl is filled with fluid; to find the 
magnitude and direction of the pressure upon a quarter of the 
surface bounded by two planes passing through the axis, which 
is vertical. 

Let the axis of the bowl be taken as the axis of z, and the 
intersections of the two vertical planes with the plane bounded 
by the rim of the bowl, the axes of x and y. Then a and e 
being the semi-axes of the generating ellipse, the equation to the 
surface will be 

^ y* «' . 

a a c 

c 
Hence, integrating from z = to z = - (a^ - y')*, and from 

y = to y = a, we have 

S (hA) = jjzdydz = i j>rfy = J ^ fc' - y*) rfy = Joe*. 

Also S(hAz) ^jja^dydz = if^dy = J ^ JV - v'fdy : 
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but £(a' - ^)% = '|(a' - ffy\ + sJV - y')* y% 

= - 3 fCo' - y'/rfy + 3a' fV - y*)* <?y 

Jo Jo 

^0 



16 ' 



hence 2 (A-4«) = — ac^, 

^ ^ 16 



Again, integrating from y = to y = («' ~ ai^f, and from ar = 
to X = a, we have 

S (AC) = ffzdxdy - - //(a' - a:' - yidxdy 



a 

= - /Itt (a* - :e') Jic = Iwa^c. 
a 



Also 2 (ACfc) = ffxzdxdy 



= - I Jir(o'- x^xdx 



= ^TraV 



Hence, iJ denoting the magnitude of the resultant pressure, we 
have, since by symmetry S (hB) = 2 (hA), 

Also, from the equation 

5S (hA) - is (AC) = S (A^;?) - S (AGr), 
we have z .\ac^ -x. Iwd^c = ^Trac' - ^ iro^'c, 

or Siro^ - 16ci = Sir (a' - c') (1). 

In like manner, from the equation 

yS(AC)-i.S(A-B)= S(ACj/)- S(A5;?), 
as is evident from symmetry, we should obtain 

Stray - 16c2 => Sir (a' - c*) (2). 

Again, it is manifest from sjrmmetry that 

S (A-B) = S (A-4), S (hBx) = S (A-4y) : 
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hence from the equation 

52 QiB) - yS (hA) = S (JiBx) - S QiAy), 

we have 5 = y '. . . . (3). 

Any one of the equations (1), (2), (3), is deducible from the 
other two, any two of them being the equations to the direction 
of the resultant pressure. 

3. A space bounded by the three coordinate planes and the 
surface 

is filled with an elastic fluid without weight : to investigate the 
equations to the direction of the resultant pressure. 

Since the unit of pressure will be constant, the three equa- 
tions for the direction of the resultant reduce themselves to 

y2 ((7) - i2(£) = 2((^) - 2(5;.) (1), 

i2 {A) - 52((7) =. 2(^«) - ^{Cx) (2), 

i2 {B) - y2(^)= 2(2^^) - 2(^y). . . .... .(3). 

Now, integrating first from y = to y = y, and then from « = 

to Z = Cy 

^(A)^ffdydz^fydz 

and I,(Az) = llzdydz = jyzdz = b j(l-2 -- + ^j zdz 

= ^bc\ 

The values of the other analogous quantities are obvious from 
symmetry. 

Hence, from (1), 

y.\ah-z.lca = ^ah^ - ^ac^ 

or J(y-J*)=^(5-Jc) (4> 

Similarly, from (2) and (3), 

c (i - Jc) = a(5 - Ja) (5), 

a(5 - ia) = 6 (y - i J) (6). 
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Any one of the three equations (4), (6), (6), may be deduced 
from the other two, and therefore any two of them determine 
the direction of the resultant pressure^* 

4. A light vessel in the form of a segment of an ellipsoid, 
the ends of which are sections made by a principal plane and 
a plane parallel to it, stands with its larger end on a horizontal 
plane : to determine how much fluid may be poured into it 
without its raising the vessel and forcing its way out. 

Let the equation to the ellipsoid be 

^ v' ^ 

^4 + ?=^ (^)' 

the base of the segment being principal plane coinciding with 
the plane z^ y. 

The semi-axes of a section of the ellipsoid made by a plane 
parallel to the plane xy and at a distance z from it, will be 
equal to 



.(.-^j, .r.-i^' 



C 

and therefore the area of this section will be equal to 

irab 



('-.)• 



From this it is plain that, h being the depth of the fluid, the 
volume of the fluid will be equal to 

But the volume of a cylinder on the base w-ai of the ellipsoidal 
segment and of an altitude A, is equal to irabh. Hence the 
vertical pressure of the fluid on the vessel will be equal to the 
weight of a mass of the fluid, the volume of which is equal to 

11 iff. ^^\ ^«*A^ 

and therefore, if W denote the weight of the vessel and p the 
density of the fluid, the greatest value of A, in order that the 
vessel may not be raised upwards, is given by the equation 
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\irpgabj ' 

5, A thin hemispherical bowl is placed in vacuum and filled 
with fluids the surface of which is subjected to a pressure equal 
to that of the atmosphere. If the bowl be divided into two 
equal parts by a vertical plane through the centre, and be kept 
together by a string in the diameter perpendicular to the plane 
of section, to find the tension of the string, the two halves of the 
bowl being supposed to be joined together at the lowest point. 

Let A OB (fig. 9) be the dividing plane, C being the centre 
of the bowl, and its lowest point. Let P be any point in the 
area of the bowl: join CP, and let OPQ be a quadrant of 
a great circle of the sphere : join CQ. Let r « the radius of 
the bowl, LACQ = tp, lPCQ-- 9, and h = the altitude of a 
column of the fluid of which the pressure is equal to that of the 
atmosphere. Then, T denoting the tension of the string, the 
moment of T about a tangent line at O parallel to AB, must be 
equal to the moment of the pressure of the fluid upon the 
surface AOBQ about the same line. 

Now the component of the pressure upon an elemental area 
r cos Odtp.rdO at P, at right angles to the plane A OB, will act 
through the point C, and will be equal to 

gp(h + r sin 6) . r cos ddtji . rdO . cos sin 

= gpt^ (A + r sin 0) cos'^ sin j>dddfp ; 

and therefore the moment of the whole pressure about the 
tangent line at will be equal to 

(A + r sin 0) cos' sin (I>d0d<p 
= 2ffpr^ I (A + r sin 0) cos* 0d0 
= gpr^ I {A(l + cos 20) + 2r sin cos* 0} d0 

Jo 
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Hence, Tr being the moment of T about the line at 0, we see 
that 

T^\gpi^{^jfh^ 4r). 

6. A hemisphere, filled with fluid, is divided into four un- 
connected portions by two vertical planes through its axis at 
right angles to each other ; the parts are just kept together by 
four strings fastened at the centre and at four points in the 
surface : to find the position and tension of one of the strings. 

Let the equation to the hemisphere be 

the planes of x^ «, and y, «, being the two dividing planes. 
Then, T being the tension of the string in the octant of space 
4 ic, + y, 4 2, we shall have, p denoting the density of the fluid, 

the equations to the direction of T being 

2 

^ IT 

7. A sphere is just filled with a homogeneous fluid ; to 
determine the resultant of the pressures upon either of the 
hemispheres into which it is divided by a vertical plane. 

If the equation to the sphere be 

the plane of yz being the dividing plane, and the axis of z 
extending vertically downwards; then, p being the density of 
the fluid and It the resultant pressure, 

R = ypirt^, 

jmd the equations to the direction of R will be 

y = 0, Sz = 4x. 

8. To flnd the form of an open vessel full of fluid, supposed 
to be a surface of revolution with its axis vertical, that the whole 
horizontal pressure exerted upon it by the fluid may be the 
greatest possible ; the altitude and volume of the vessel being 
given. 
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The vessel will be a cone, and, if h be its altitude and c^ its 
volume, the radius of its base will be equal to 

9. A vessel in the form of a paraboloid of revolution is partly 
filled with fluid, and then inverted upon a horizontal plane: 
having given the weight of the vessel, to find the altitude of the 
greatest volume of fiuid which can be contained without running 
out at the rim of the vessel. 

If W denote the weight of the vessel, / the latus rectum of 
the paraboloid, and x the required altitude, 

2W 



X = 



irgpV 



10. A hollow vessel in the form of a tetrahedron is filled 
with a known fluid, and placed in an inverted position on a 
horizontal plane : to find the least weight of the vessel that the 
fluid may not escape from under it. 

Least weight of the vessel = twice the weight of the fluid. 



( 49 ) 



CHAPTER IV. 

EQUILIBRIUM OF SOLID BODIES FLOATING FREELY. 

In order that a solid, partially or totally immersed in a fluid, 
may float in equilibrium, it is sufficient and necessary that the 
resultant pressure of the fluid upon it act in the vertical line 
passing through its centre of gravity and be equal to its weight. 
If the fluid be incompressible (or even if it be elastic, pro- 
vided that the solid be totally immersed), these conditions are 
equivalent to the two following conditions, viz. that the weight 
of the fluid displaced be equal to that of the solid, and that the 
line joining the centres of gravity of the solid and fluid dis- 
placed be vertical. 

The discovery of the principles of the equilibrium of floating 
bodies is due to Archimedes ; his investigations on this subject 
were published in his treatise entitled Ile/ot r&v o-xov/nivoDVy the 
original of which is no longer extant. The Latin translation by 
Tartaglia of this remarkable work, by which our knowledge 
of the hydrostatical discoveries of Archimedes has been pre- 
served, is entitled De its quce vehuntur in aqud; an edition 
of which by Commandine was published at Bologna in the year 
1565, 



Section I. 
Bodies floating in Incompressible Homogeneous Fluids, 

1. To find the positions in which a square lamina ABCD 
(fig. 10) may float in a fluid with one angle A out of the fluid, 
the plane of the lamina being vertical. 

Let PQ be the line of floatation: let AP = x, AQ = y. 
Join AC and bisect it in G. Bisect PQ in -F, join AF, and 

take HF = \AF, Then G and H will be the centres of gravity 

e 
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of ABCD and APQ respectively. Join OH and draw FE 
parallel to HQ, Then^ in order that the lamina may be at rest^ 
O and the centre of gravity of PBCDQ must be in the same 
vertical line : but JET, Oy and the centre of gravity of PBCDQ 
are in a straight line ; hence OH and EFjn\xst be vertical lines. 
Join PEy QE; these two lines will be equal, because PjF= QF 
and L PFE = L QFE. 

Let a denote the length of a side of the square, p the density 
of the lamina, and <t of the fluid. 

Then, the weight of the displaced fluid being equal to that 
of the lamina, we must have 

<r.PBCDQ = p.a\ 

or a (a* - Jay) = paf, 

and therefore «y = 2fl -^ja' (I). 

Again, PE* - a:* + AE^ - 2a? ^JBcos - , 

4 

OB' = y' + AE* -2yAE COS-, 

4 
and therefore, since PE = QE, 

(^ - y) "1^ + y - 2 AE cos - I = : 

but AE:AO::AF:AH:: 3 : 2, 

AE^^AOy 

2 AE cos -=: 3 AO coa^ = la: 
4 4 ^ 

hence (^ - y) • (« + y - io) = 0, 

which equation gives us either 

^-y = o .' (2), 

or a; + y - §a = (3). 

Taking (1) and (2) we have 

which gives one position of equilibrium, provided that ^ be less 
than 1 and greater than J. ^ 
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Taking (I) and (3) we have 

8p 23 \* 



4 



or X - y = ±a 

and ^ + y = i«> 

and therefore ^ » ,« jg ^ ^33 ^ _ 23^} , 



y = |a ^3 + 32 



^-)'}■ 



Thus there will be two other positions of equilibrium, provided 
that X and y be both possible and positive quantities less than a. 
This will be the case if the two inequalites hold good, viz. 

? > — , (32^ - 23 ) < 1, 

XT ^2 \ <T J ' 

that is, if - be greater than — and less than — . 
<7 ^ 32 32 

Bossut: Traits d^ Hydrodynamique, torn. i. p. 165. 

2. A given triangular lamina ABC (fig. 11), all the sides of 
which are unequal, floats in a fluid with one angle (A) immersed ; 
to determine its positions of equilibrium, the pUne of the 
lamina being vertical. 

Let D be the middle point of BC, and JS that of S'C, BC 
being the line of floatation. Join AD^ AE, DE, BD, CD. 
Then, G being the centre of gravity of the lamina and H of the 
fluid displaced, AO ^ IAD, AH - \AEy and therefore 

AGiADi.AH'.AE; 
which shews that OH is parallel to DE. But GH must be 
vertical and therefore at right angles to BC \ hence DE is at 
right angles to BC. Since L DEB = L DEC, and SE 
= CE, it foUows that DB = DC. 

Let AB = X, AC = y, AD^ I, AC ^ b, AB = a, L BAD 
= X, £ CAD = fx : also let p = the density of the soUd, and o* = 
that of the fluid. Then, the weight of BAC being equal to 
that of the fluid displaced by B'AC, we have 

^xy cr sin Z. BAC = lahp sin Z. BAC, 

e2 
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or axy - pah (1). 

Again B'ly = a? + P - 2lx cos \, 

Ciy = y^-¥ /'-2/ycos^; 
and therefore, ffD being equal to CD, 

2^ + P - 2lx cos X = y' + P - 2ly cos /«, 
or (x - I cos Xf - (y - I cos fxf = P (cos* X - cos' /a)... (2), 

The values of x and y deducible from the two equations 
(1) and (2) will coincide with the coordinates of the intersections 
of two equilateral hyperbolae of which (1) and (2) are taken as 
the equations. 

From the construction of these two curves it is easily seen 
that they can intersect each other either once only or three 
times only in the positive quadrant : there may therefore be one 
and there may be three positions of equilibrium. Should all 
the points of intersection of the hyperbolae be such that x is 
greater than a ox y than b, the lamina will not rest in any 
position with only one angle immersed. 

Cor. I. If the triangle be isosceles, A being the vertical 
angle, cos X = cos fi, and then, instead of the equation (2), we 

shall have {x - y) {x -^ y - 2l cos X} = 0, 

or a; - y = 0, x + y ^ 2l cos X, 

the equations to two straight lines instead of an hyperbola: 
these two lines may cut the hyperbola denoted by the equation 
(1) in three points in the positive quadrant; the former straight 
line will certainly cut it in one. Thus there may be one and 
there may be three positions of equilibrium. 

CoR. 2. If the triangle be equilateral, 

2l cos X = la, 

and therefore, instead of the equation (2), we have either of the 
two following, a;-y = o, or' a: + y = ga. 

From (1) and the former of these we get 

a; = ^ a% 

which gives one position of equilibrium. 
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From (1) and the latter equation 



= ia'^9-16^). 



^- y = ±3« ( ^ - 16^) , 



a 



X ^ y = %a: 



whence a: = Ja i 3 ± [ 9 - 16 ^ j L 

y = ia|3H=^9- 16 ^^|. 

That these results may be admissible^ x and y must be both 
possible^ both positive, and both less than a. Hence we must 
have 

9 > 16-^ , and (9 - 16^ ) < I, 



that is, - must be less than — and greater than — . 
<T 16 ^ 16 

Herman: Phoronomia, p. 160. 

Bossut: TraM d^ Hydrodynamique, torn. i. p. 166. 

Foisson : Traits de MScaniqtie, torn. ii. p. 680. 

3. A given triangular lamina ABCy all the sides of which 
are unequal, floats in a fluid with two angles B and C immersed ; 
to determine its position of equilibrium, the plane of the lamina 
being vertical. 

Adhering to the diagram and notation of the preceding 
problem, it is plain that, BBC'C being in the fluid and BAG' 
being in vacuum, 

BBC'Cx a^BAC.p, 

whence a (ab - xy) = p ab, 

or axy =^(a - p) ab. 

Also the centres of gravity of BB'C'C and BA C, and therefore 
of BA C'y must be in the same vertical line. 
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iThus the solution of this problem coincides in form with that 
of the preceding, <r - p replacing p throughout : and therefore 
we know that, supposing the angles B and C to be both 
immersed, there may be one and there may be three positions 
ofequiUbrium. 

r 

CoR. 1. There will be therefore at most three positions of 
equilibrium when A alone is immersed, and three when A alone 
is out of the fluid : thus, varying the angles of the triangle, we 
see that, at most, the triangle can have only eighteen positions 
of equilibrium. 

Cor. 2. There will be three positions of equilibrium, A being 
without the fluid, if the triangle be equilateral, provided that 

T ft 

— be ereater than — , and less than — . 
a- ^ 16 16 

Bossut: Traits (T Hydrodynamiqtce, tom. i. p. 160. 
Poisson: TraiU de MScamqtce, tom. ii. p. 584. 

4. To find the positions of equilibrium of a parabolic lamina 
BAC, bounded by a double ordinate BC oX right angles to its 
axis, which floats in a fluid with its vertex A immersed, the 
plane of the lamina being vertical. 

First, let us suppose the axis to be vertical, and let c be that 
portion of the axis which is within the fluid, a being the length 
of the axis of the parabolic area and 2b its double ordinate. 
Let p be the density of the lamina and a of the fluid. 

Then, for equilibrium. 



«J./} = §c. J I - I . <r. 



pa = <rc , 

which determines o, and therefore the position of equilibrium. 

Next, let us suppose the parabola to lie in an oblique position. 
Let Qq (fig. 1 2) denote the line of floatation, G the centre of gravity 
of the lamina, which will lie in the axis AD ; H the centre 
of gravity of the fluid displaced, which will lie in a diameter 
VP through a point P, the tangent of which is horizontal. In 
order that the lamina may be at rest, HO must be vertical. 
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Draw PE vertical to meet AD in E, and draw PM at right 
angles to AD. Let the tangent at P meet the axis DA 
produced in the point T. Let I PTA^ 6, and 4m = the latus 
rectum. 

Then, by the nature of a parabola, 

AM = m cot' fl, ME = 2m ; 
and GE^PH=^IPV, AO^^AD. 

Hence m cot* 6 + 2m + gPF= |a, 

or, since V = 4ma, 

Again, p . area BAC = a . area QP^', 

or \p , ab = \(T , QV , PV , sin 6, 

pVy = (7».QF».Pr'.8in'e 

= (7».45P.Pr\sin'fl, 

S being the focus ; 

1 - cos 26 sm' 
hence pVJ* = 40^ . P T' . m, 

V 
^(r'.Pr'.-, 
a 

■Pr-a^^y (2). 

From (1) and (2), 

-'•-wi'-d)"}— (=> 

From (2) and (3) we know PV and 0, which will have two 
equal values with opposite signs. The positions of equilibrium 
of the lamina are therefore determined. The values of will 
be impossible if 
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Thus the parabola will sometimes have one and sometimes 
three positions of rest. 

Bossut: DratU d* Hydrodynctmiquey tom. i. p. I TO. 

5. A solid homogeneous cube floats in a fluid with only one 
angle immersed ; to determine its position of equilibrium. 

Let OAy OB, 00, (fig. 13) be three edges of the cube, 
O being the angle immersed. Let PQR be the plane of floata- 
tion. Let OP = a, OQ - h, OR = c, and let 2a denote the 
length of an edge of the cube. The equation to the plane 
PQR, OA, OB, 00, being taken as the axes of x, y, z, re- 
spectiveljr, will be 

- + l + -=l- 
a c 

Also, X, y, z, being the coordinates of the centre of gravity of 

the pyramid OPQR, and x, y\ z, of the centre of gravity of 

the cube. 

x = \a, y = lb, z= \c, 

x' = a, y ' = a, z = a. 

But the line passing through the two points (x, y z) and 
(^'> y'y ^') must be at right angles to the plane PQR; hence 

a (a - Ja) = 5 (a - \b) = c (a - Jc), 

which equations are equivalent to any two of the equations 

Now from the first of these three equations we have 

a - J = 0, 
or 4a = a + ft : 

the latter of these results is incompatible with the condition that 
the angle O is the only one immersed. Hence we must have 
a = J, and similarly, from the second and third equations, b = c, 
c =* a. Thus it appears that the cube can float in only one way, 
provided that only one angle be immersed. 
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Again, p being the density of the cube, and a of the fluid, 
the weight of the fluid pyramid OPQR will be labc . a-.g, and 
that of the cube will be 8a*. p .g. Hence 

^ahc . 0-. ^ = 8o^ p.gy 

or aabc = 48pa^ 

But a = b ^ c'y hence 

tTc^ = 48pa'. 



c = 5 = a = 2a 



:^> 



In order that the problem may be possible, a, J, c, must be less 
than 2a ; hence we must have the inequality 



¥)<'. 



p 
or ^ < 






6. A hemispherical bowl of given weight (2 W) floats upon 
a fluid with one third of its axis below the surface : if a weight 
5 W be put into it, how much of its axis will be immersed when 
it is in its position of rest ? 

Length of the axis immersed = § x length of the whole axis. 

7. A cylindrical vessel in an upright position contains a 
quantity of fluid : supposing a solid cylinder of smaller radius 
to be placed in the fluid so as to float at rest in an upright 
position, to determine how much the fluid will rise in the 
hollow cylinder. 

Let p denote the density of the solid cylinder and <r of the 
fluid ; let iJ be the radius of the internal surface of the- hollow 
cylinder, r the radius and h the altitude of the solid cylinder. 
Then, x denoting the altitude through which the fluid rises 
above its original surface, 

8. A hollow cone, of which the vertical angle is ^tt, is placed 
with its axis vertical and vertex downwards : to find what 
quantity of fluid it must contain, in order that a given sphere^ 
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the density of which is half that of the fluid, may sink just deep 
enough to touch the surface of the cone. 

The altitude of the surface of the fluid above the vertex of 
the cone, when the sphere is immersed, must be equal to the 
diameter of the sphere. 

9. To determine the depth to which a given paraboloid must 
be immersed with its axis vertical and vertex downwards in 
a fluid of three times the density of itself, in order that it may 
remain there at rest. 

If a denote the length of the axis of the paraboloid, and x 

the required depth, 

a 

V3 

10. To determine the density of a square lamina which floats 
in a given fluid, with one angle in the surface and two below 
the surface. 

If p be the density of the lamina, and a of the fluid, then 

p: a:: 3 : 4. 

11. To determine the thickness of a hollow sphere of given 
material and external superficies, which just floats in a given 
fluid. 

Let c^ represent the area of the superflcies of the sphere, 
p the density of the sphere and p of the fluid; then the 
required thickness will be equal to 

12. To find the positions of equilibrium of a parabolic lamina 
bounded by a double ordinate BC vX right angles to its axis, 
which floats in a fluid with its vertex A immersed, the plane 
of the lamina being vertical, and its centre of gravity O not 
coinciding with the centre of gravity of its figure. 

Let AD (fig. 14) be the axis of the parabola, Qq the line of 
floatation in an oblique position of equilibrium, P the point of 
contact of a tangent to the parabola parallel to Qq, PV a, line 
drawn parallel to AD to intersect Qq in the point V, G the 



EQUlLlBBItJM OF SOLID BODIES FLOATING FREELY. 69 

centre of gravity of the lamina, GF a line perpendicular to 
AD and meeting it in Fy PM a perpendicular to AD, Then, 
/ denoting the latus rectum, p the density of a homogeneous 
mass of the same volume and weight as the parabolic lamina, 
and a the density of the fluid, we have, for the determination 
of the positions of eq[uilibrium, putting AD = a, AF = A, 

and 10^ - (10/A - 6fe - bP) z - bVk = 0. 

Bossut: TraiU d* HydrodynamiquCy tom. i. p. 173. 

13. Three spheres, of equal volumes but different densities, 
float in a fluid, touching each other ; to find the inclination of 
their common tangent plane to the surface of the fluid. 

If be the required angle of inclination, r the radius of each 
sphere, and c, c', c", the altitudes of the centres of the three 
spheres above the surface, 

3r' sin'' = c (c - c') + c' {c - c") + c" (c" - e), 

the values of c, c', c", being determined by the equations 

<r (r - cf (2r + (?) = 4/^/?, a(r - c'f (2r + c') = 4r'/>', 

<T(r-cJ{2r-\-c")=4r^p", 

or being the density of the fluid, and p, p', p", the densities of 
the three spheres. 



Section II. 
Bodies JUxxtin^ in Incompressible Heterogeneous Fluids, 

1. A uniform solid cylinder rests, with its axis vertical, in 
two fluids which do not mix. The densities of the cylinder, the 
upper and the lower fluids, are as 2:3:6 respectively, and the 
depth of the rarer fluid is equal to one-fourth of the axis of the 
cylinder : to determine the position of the centre of gravity of 
the cylinder in relation to the surface of the upper fluid. 
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Let the three densities be 2/>, 3p, 5p ; h the whole length of 
the cylinder, x the depth to which it is immersed in the lower 
fluid, and K the area of its section. 

Then, the weight of the cylinder being equal to that of the 

fluid displaced, 

2pKgh = ZpKg . JA + bpKgXy 

2h ^\h + bx 

6x = |A, X = |A. 

This result shews that half the axis of the cylinder is im- 
mersed in fluid, or that its middle point is in the surface of the 
upper fluid. 

2. A circular lamina rests with a diameter in the surface of 
a fluid, the density of which varies as the depth : to compare 
the density of the solid with the density of the fluid at the 
lowest point of the lamina. 

Let a be the radius of the circle, k the density of the fluid at 
a unit of depth, r the thickness of the lamina, r the distance of 
any point of the lamina from the centre of the circle, and the 
inclination of r to the vertical. 

Then the weight of the fluid displaced is equal to 

ffrffrdOdr . kr cos 



r* cos OdOdr 



' cosflrfft 

= Ikrga^ = ya-ra^ 
a being the density of the fluid at the depth a. 
Also the weight of the lamina is equal to 

\TragpT, 
Hence Ig^rrc^ = i^rgpra^. 



§0- = JJOTT, 



or p : <r : : 4 : 3ir. 

8. A cylinder, with its axis vertical, floats in two fluids of 
difierent densities, the upper end of the cylinder coinciding with 
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the surface of the upper fluid : to compare the parts into which 
the cylinder is divided by their common surface. 

If X denote the length of the upper and y of the lower 
portion of the cylinder, a the density of the upper and a oi the 
lower fluid, and p the density of the cylinder, 

a;:y::o''-/o:p-cr. 

4. To determine the magnitude of a sphere of given density 
which will rest just immersed in a fluid of which the density 
varies as the depth. 

If p denote the density of the sphere, a the density of the 
fluid at a depth c below the surface, then, the radius of the 
sphere being denoted by r, 

CO 

r = -ii. 

5. A cone rests in two fluids which do not mix, with its 
vertex downwards and its base in the surface of the upper fluid : 
to flnd how much its density must be increased, that it may rest 
with its base in the common surface of the fluids. 

If <r be the density of the upper and o^ of the lower fluid ; 
p that of the cone in the former and p' in its latter position ; 
h the length of the whole axis of the cone, and h' of that portion 
of it which, in the former position of the cone, is immersed in 
the lower fluid, 

/> - P = — ^ (<^ - <^)- 

6. The density of a fluid varies as a certain power of the 
depth : to find this power when a solid sphere, the density of 
which is one-fifth of that of the fluid at a depth equal to the 
diameter of the sphere, will rest just totally immersed in the 
fluid. 

The required power is 3 or - 8. 
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Section III. 
Bodies ftooHng under the actum of EUuHc Fluids. 

1. A solid cylinder AB (fig. 15), with its axis vertical, just 
passes through a smooth circular aperture C in the upper end 
of a vertical cylindrical box HK containing an elastic fluid. 
Supposing the elasticity of the fluid, when it fills the whole box, 
to be given, to determine the length of the immersed portion 
of the solid cylinder that it may be in equilibrium. 

Let r, jB, denote the radii of the solid and hollow cylinder 
respectively. Supposing the total weight of the fluid to be 
inconsiderable, let p represent the unit of pressure at every 
point of the fluid before and p* after the insertion of the 
solid cylinder. 

Then, the pressure on the base of the solid cylinder being 
equal to irf^p, we shall have, TV denoting the weight of the 
solid cylinder, irr^ = W (1). 

Let h denote the height of the hollow cylinder, and x the 
length of the immersed portion of the solid one ; then the volume 
of the fluid, corresponding to the elasticity p, being irR^h, and, 
corresponding to the elasticity p\ irS^h - 7rr*ar, we shall have 

p' . (nM^h - wr^x) = p . tt-R'A, 

and therefore, from (I), 

jr(IPh - r'x) = wRYph, 

2. A solid cylinder, the axis of which is vertical, floats in an 
incompressible fluid ; the fluid is contained in a vessel enclosing 
air, into which a piston fits ; supposing the density of the air to 
be changed by a change in the position of the piston, to ascertain 
the alteration in the position of equilibrium of the cylinder. 

Let h be the altitude of the cylinder, A the area of its base, 
and X the depth to which it is immersed in the incompressible 
fluid. Let p, 0-, p', be the respective densities of the cylinder. 
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the incompressible fluid, and the enclosed air. Then, the 
weight of the cylinder being gphAy the weight of the displaced 
portion of the incompressible fluid gaxA, and, supposing the 
density of the enclosed air to be the same throughout, the 
weight of the displaced air gp (h - x) A, we have the equation 

gphA = g<TxA + gp (h - x) A, 

ph= <rx + p (h - ic). 



x ^ h 



P-P 



(T-p 

Since a is greater than p, the coefficient of h in this expres- 
sion will be a proper fraction. Hence, by increasing p', x will 
decrease, and, by diminishing p', x will increase; that is, the 
cylinder will rise or fall, accordingly as the piston is pushed 
inwards or pulled outwards. 

8. A heavy piston rests in » close vertical cylinder, having 
equal quantities of gas above and below it: to determine its 
position of equilibrium, the radius of the external surface of the 
solid cylinder being equal to that of the internal surface of the 
hollow one. 

Let C denote the mass of the gas in each of the compartments ; 
X the length of the upper and y of the lower cylinders of gas, 
a being the density of the former and a of the latter. Let h be 
the length of the solid cylinder, p its density, and A the area 
of one of its circular sections. Let H denote the length of the 
hollow cylinder ; also let P, P, denote the pressures of the two 
volumes of gas upon the upper and lower ends of the solid 
cylinder respectively. 

Then, for the equilibrium of the solid cylinder, 

P + gphA==P' (1). 

But, k denoting a constant quantity dependent upon the 

nature of the gas, 

P = kaA, P = ka'A : 

hence, from (1), 

ka + gph = ka'y 
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or, since C = Aox = Av'y, 

kC.i-- ^\ = Agph^ W. (2), 

W denoting the weight of thu solid cylinder. 

Again, it is plain that 

X + y + h = H. (3). 

From the equations (2) and (3) the values of x and y may 
easily be determined. 

In fact, by the solution of these equations, we shall obtain 

H-h kC ( (H - hy k'C\i 

H-h kC an-Kf A»C*li 



y — 2-^w 



an-hf A»c*|i 



I 



( 65 ) 



CHAPTER V. 



EQUILIBRIUM OF SOLID BODIES FLOATING UNDER CONSTRAINT. 

In order to ascertain the circumstances of the equilibrium of 
solid bodies, floating in fluids and acted upon by any forces 
of constraint, we must observe that the body is acted upon 
by the weight of the fluid displaced acting vertically upwards 
through the centre of gravity of this portion of the fluid, by its 
own weight acting vertically downwards through its own centre 
of gravity, and by the forces of constraint. The equations 
of condition, that the forces involved under these three heads 
may produce rest, will determine the required circumstances 
of equilibrium- 



Section I. 
Incompressible Homogen>eous Fluids. 

1. A uniform rod AB (fig. 16) turns about a smooth hinge 
at A at the bottom of a vessel containing fluid, the depth of 
which is equal to half AB^ and of which the density is equal 
to three times that of the rod : to find the inclination of the rod 
to the vertical when there is equilibrium, and to determine 
what weight must be suspended at B in order to depress the 
rod through 15°. 

Let K be the area of a perpendicular section of the rod, 
a the length of the rod, x the length of the immersed portion 
AC, p the density of the rod and <r that of the fluid. Let b be 
the length of a portion of the rod the weight of which shall 
be equal to the weight suspended from B, 
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Then, in regard to the first part of the problem, we have, 
taking moments about Ay 

g<TKX . \x sin = gpi^ck . \a sin 0, 

or cro^ = pa^ : 

but cr = Spy X cos = Ja ; 

hence \a^ = (^ cos' 0, 

and therefore cos = — , = - . 

2 6 

Next, the weight being suspended from By 

gaKX . J^r sin e gpxa . Ja sin + gpxb . a sin 0, 

or crx^ = pa' + 2abp ; 

but a- = 3p, and, being equal to - , a: = — ; hence 

— = a -I- 2a6, 
2 ' 

whence i = Ja, 

the required weight being therefore {gpica. 

2. A cone ABV, (fig. 17), the vertex V of which is fixed at 
the bottom of a vessel containing fluid, is in equilibrium with 
its slant side vertical and the lowest point A of its base just 
touching the surface of the fluid : to compare the density of the 
cone with that of the fluid. 

liCt O be the centre of the base AB of the cone, & that 
of the elliptical section AC made by a plane coinciding with 
the surface of the fluid. Join VOy VO y and draw CD parallel 
to BA. 

Let Cr, Hy points in the lines VOy VOy be the centres 
of gravity of the cones A VBy A VCy VO being equal to 1 F", 
and VHto^O'V. 

Let VO^hy VC^ h'y A0 = ay AO' ^ a y /.AVO = ay A = the 
area of the circle ABy A' = the area of the ellipse ACy p = the 
density of the cone, and a = the density of the fluid. Then, 
the moment of the solid cone A VB about V being equal to 
p . I hA . I A sin a, and that of the fluid cone A VC being 
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<r . \h'A . f o', we have, since these two moments must be equal 
in order that the cone may be at rest, 

ph?A sino = aKa'A', (1). 

But h = acota, A = 7ra% 

a' - a cos a, h' = 2a cot 2a = 2a cos a cot 2a, 

A' = \w. CA . {AB . CDf = lira (2a . 2a' ^^^V 

\ COSa / 

, / , COS 2a\* 

= ira I aa 

\ COSa 

= ira^cosa (cos2a)4. 

Hence, substituting these values of A, A, a, h', A', in (1), 

we get 

I 

A cos' a ^ A s (cos 2a) 
ira p —, — = 27raVcos a — ; , 

sin a sin2a 



^ . (cos 2a) 

p = 2o'Sma cos a ^-: 

sin 2a 

= a- (cos 2a)' . 

3. A body immersed in a fluid is balanced by a weight P 
to which it is attached by a string passing over a fixed puUy ; 
and, when half immersed, is balanced in the same manner by 
a weight 2P: to compare the densities of the body and fluid. 

Density of the body : Density of the fluid :: 3 : 2. 

4. If a, J, c, be the depths at which the lower surface 
of a cylinder will float in equilibrium in a fluid, when attached 
to three weights P, Q, jB, respectively, which are connected 
with the centre of its upper end by means of a string passing 
freely over a fixed puUy, to determine the relation between 
a, J, c, P, Q, jB. 

The required relation is expressed by the equation 

P (i - c) + Q (c - tf) + J2 (a - ft) = 0. 

5. A rectangular lamina ABCD (fig. 18) partially immersed 
in a fluid, rests vertically : one angle A is attached to a smooth 

f2 
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hinge, and two angles C and Z> are within the fluid ; the angle 
at which the side AB of the rectangle is inclined to the surface, 
is equal to 45°: having given the density of the fluid and the 
ratio of AB to BC, to determine the excess of the density 
of the fluid above that of the lamina. 

If a denote the density of the fluid and m the ratio of AB 
to BCy the required excess is equal to 

m + m 

6. A uniform rectangular board A BCD rests, with its lowest 
corner A immersed in a fluid, its highest C held up by a string, 
and the lowest B of the other two corners at the surface of the 
fluid : to determine the ratio between the density of the board 
and that of the fluid, ' 

If p be the density of the board and a that of the fluid, then 

p AB 
<r~ BC' 

7. A uniform cylinder is moveable about a fixed horizontal 
axis, which is a tangent to the circumference of its upper end 
at the highest point: the vertical distance of the fixed axis 
from the surface of a fluid, in which part of the cylinder 
is immersed, is equal to the diameter of the base, the diameter 
being equal to one half of the axis of the cylinder ; the cylinder 
rests with its base inclined at an angle of 45° to the surface 
of the fluid : to compare the densities of the solid and fluid. 

Density of the solid : Density of the fluid :: 32V2 - 15: 32. 

8. Two equal uniform rods, connected by a smooth hinge, 
and inclined at the same angle to the horizon, are suspended 
by an elastic vertical string fastened at the hinge, the lower 
ends of the rods resting in a fluid : to determine the position 
of equilibrium. 

If c be the altitude of the hinge above the surface of the fluid, 
b the natural length and \ the modulus of elasticity of the 
string, a the length of each rod, x the length of each rod which 
is out of the fluid, y the altitude of the hinge above the fluid. 



) 
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K the area of a section of either rod, p the density of either rod 
and G of the fluid, then the position of equilibrium will be 
determined by the equations 

y ^ c - b " ^VkgKa |p-cr-f ail --) >. 



Section II. 
Incompressible Heterogenecms Fluids. 

1. Two equal cylinders balance at the extremities of equal 
arms of a straight lever, when immersed in two fluids the 
densities of which vary as the depth ; the end of one of the 
cylinders coincides with the surface of the fluid, and the depth 
of the upper end of the other is equal to n times its altitude : 
to compare the densities of the two fluids at equal depths. 

Let I denote the length of each cylinder, A the area of the 
base of each ; /o, p'y the densities of the fluids at the same depth 
c. Then, since the masses of the two fluids displaced by 
the cylinders immersed in them must be equal, we have, 

- X and — X, denoting the densities at any depth x. 



n p p-^^J^ p' 

I A - xdx =1 A^ xdXy 

Jo C J nf C 

ri fin 



(n*l)I 

pxdxy 

and therefore p = (2« + 1) p'y 

which gives the required ratio between p and p'. 

Instead of equating the masses displaced^ it will amount 
to the same thing if we equate the pressure on the lower end 
of the one cylinder to the diflerence of the pressures on the 
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upper and lower ends of the other cylinder. Thus, p^ p\ 
denoting the units of pressure at a depth z in the two fluids, 

dp^q ,— , cfe, p = ^.±— , 
^ ^ c ^ 2c 

dp'^gP^dx, p'^^J^, 
^ ^ c ' ^ 2c 

The pressure on the base of the one cylinder, putting a: = /, 
is equal to 

Ap^A.^-^^^^, 
^ 2c 2c 

and the excess of the pressure on the lower end of the other 
cylinder above that on its upper, {2n + \)l being the value oi x 
at the lower and nl at the upper end, is equal to 

Ap'g in + lyP Ap'gn^P ^ Apg (2n + l)P ^ 
2c 2c ~ 2c ' 

hence ^^ = "^^f' ^^" ^ ^^^ , 

2c 2c 

p = (2w + 1) /}'. 



Section III. 
Bodies floating toith constraint under the action of Elastic Fluids. 

1. Two equal cylindrical vessels of inconsiderable weights 
and thicknesses, the one in an upright and the other in an 
inverted position, are depressed in a fluid to the level of its 
surface by the exertion of forces P and Q respectively, the 
surface of the fluid being exposed to the atmospheric pressure : 
to determine the amount of atmospheric pressure on an area 
equal to the base of one of the vessels. 

Let W denote the required pressure of the atmosphere, p the 
density of the fluid, A the area of the base and h th^ altitude 
of either cylindec, md^ l^t z denote the length of the portion 
of the inverted cylijiden which is free from water. 
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Then, for the equilibrium of the upright cylinder, 

P = ffphA (1); 

and, for the equilibrium of the inverted one, the air within it, 

owing to its compression, exerting a force equal to W - upon 

X 

the upper end, 

Q+ W= W- (2). 

X 

Also, since the pressure of the fluid at the depth x must be 
equal to that of the air enclosed in the inverted cylinder, 

W-^gpxA^ W^ (3). 

X 

From (1) and (3), 

h X 



and therefore, from (2), 



«=^I w- 



Multiplying together the equations (2) and (4), we have 

Gt 

and therefore W = -— — -^ . 

2. A thin surface, in the form of a paraboloid of revolution, 
is just immersed in a fluid exposed to the atmosphere, first with 
its base, next with its vertex downwards, by means of two 
weights, P, Q : to determine the height of a column of the 
fluid the weight of which shall be equal to the atmospheric 
pressure. 

If a be the altitude of the paraboloid, and h that of the 
calumn of fluid, 

* = *'!) Q^- 



( 72 ) 



CHAPTER VI. 



SPECIFIC GRAVITY. 

The specific gravity of a substance is measured by^ or, for 
convenience of language, is said to be eqtml to, the ratio of the 
weight of a given volume of the substance to that of an equal 
volume of some assigned standard fluid, generally assumed 
to' be distilled water at a temperature of 60°. The specific 
gravity of any substance will therefore be represented by the 
number of units of volume of water which are equal in weight 
to a unit of volume of the substance in question. A cubic inch 
of distilled water at a temperature of 60° weighs 253.17 grains* 
If therefore we know the specific gravity and volume of any 
substance, we can immediately ascertain its actual weight, 
by multiplying together the specific gravity of the substance, 
the number of its units of volume, and the number of units of 
weight in a unit of volume of water: thus, v denoting the 
volume of a substance, 8 its specific gravity, and A the weight 
of a unit of volume of water, the weight of the substance will 
be equal to &v\ ; also, if P denote the weight of a volume of 
water equal in bulk to the substance, P = t?\, and therefore the 
weight of the substance will be equal to Ps, 

1. A piece of wood weighs 12 lbs, and, when it is annexed 
to 2 2 lbs of lead, and immersed in water, the whole weighs 
8 lbs: Ae specific gravity of lead being 11, to find the specific 
gravity of the wood. 

Let V, v'y denote the volumes of the wood and lead re- 
spectively; s, s', their respective specific gravities: then, \ 
denoting the number of pounds in a unit of volume of water, 

sv\= 12, s'v'X = 22, 

and sv\ + s'v'X - (\v + \v) = 8 : 
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hence. 


34-^=^- 

8 


- , = o, 
S 


or, since «' = 11, 


• 34-1-^ 
s 


-2 = 8, 




L^ - ... 


s = l; 



a result which shews that the weight of a portion of the wood 
is equal to half that of an equal bulk of water. 

2. A diamond ring weighs 69J grains, and, when weighed 
in water, 64 J grains, the specific gravity of diamond being 3^ 
and that of gold 16^ : to find the weight of the diamond. 

Let Vy V, represent the volumes of the gold and diamond 
respectively : then, by the conditions of the problem, 

69 J = fvX + Iv'X (1), - 

and 64| = ^vX + Iv'X - (t? + t?')X (2). 

Subtracting the equation (2) from the equation (1), we have 

5 =\v + At?', 

and therefore, from (1), 

69J = ^ (5 - Xv') + l\v', 

139 = 165- 26 Xt?', 

\v' = 1, IXv' = 3J, 

which shews that the weight of the diamond is equal to three 
grains and a half. 

3. A substance A weighs 10 grains in water, and a sub- 
stance B weighs 14 grains in air, and A and B connected 
together in water weigh 7 grains : the specific gravity of air 
being .0013, to determine the specific gravity of B, and 
to ascertain how many grains of water will be equal to it in 
bulk. 

Let P, P') represent the number of grains in volumes of 
water equal to the volumes of A, B, respectively, and let 
5, «', denote the respective specific gravities of these two 
substances. 
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Then, by the conditions of the problem, 

(«-l)P=10 (1), 

(s' - .0013) P'= 14 (2), 

(«- l)P + (5'~ 1)P'= 7 (3). 

From (1), (2), (3), we have 

,^ 14(*'-1) ^ 

10 + -^^^ ^ = 7, 

s - .0013 

3 ($' - .0013)= 14 (1 -5'), 

17«'= 14.0039, 

and therefore s = .8237. 

Hence also, from (2), 

P' =■■ , = = 17.023 grains. 

5 -.0013 .8224 ^ 

4. If W^, W^y H^g, be the apparent weights of the same 
substance when immersed in three fluids, the specific gravities 
of which are 8^, s^, s^, respectively, to find the relation between 

^19 ^29 ^8> ^l> *a» ^3* 

Let W denote the actual weight of the substance, and P the 

weight of an equal volume of water; then, by the conditions 

of the problem, 

TV^ + s,P^ W^ 0, 

w,^s,p- Tr=o, 

W^ + s^P- W^O. 

Eliminating P and TV between these three equations by cross 
multiplication, we get 

^1(^3-^3)+ l^.(^i-«s)+ ^3(^2-0=0. 

5. When 73 parts by weight of sulphuric acid, the specific 
gravity of which is equal to 1.8485, are mbced with 27 parts of 
water, the resulting dilute acid is of a specific gravity equal 
to 1.6321 : to find the amount of the condensation which takes 
place during the muLture. 

Let P denote the number of parts of weight in a quantity 
of water equal in volume to that of the sulphuric acid, and Q in 
a quantity of water equal in volume to that of the mixture. 
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Then, by the conditions of the problem, 

1.8485 X P= 73, 
whence, to four places of decimals, approximately, 

P= 39.4915 (I): 

and 1.6321 x Q = 73 + 27 = 100, 

whence to four places of decimals, 

Q= 61.2707 (2). 

Now the condensation of the mixture will be measured by 
the ratio of the diminution of the volume of the water and acid 
when mixed together to their united volume before mixture. 

Hence condensation = — — : 

P+ 27 

but, from(l) and (2), 

P + 27 = 66.4915, P + 27 - Q = 5.2208 ; 

hence, as far as four places of decimals, 

, . 5.2208 ^^^^ 

condensation = = .0785. 

66.4915 

6. Two fluids, the volumes of which are t?, o', and specific 
gravities s, s', on being mixed, contract ( - j part of the 

sum of their volumes by mutual penetration : to find the 
specific gravity of the mixture. 

Let s^ denote the specific gravity of the mixture: then, the 
sum of die weights, before mixture, being 

(vs + v's') \, 

and, after mixture, being 



(i-iyv+v')8,\, 



we have, equating these expressions, 

w- 1 



n 



(v + v') $^ = vs + v's' , 



n t?5 + v's' 
«i = ; • - 
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7. A crown consists of gold and silver. The crown is totally 
immersed in a vessel just full of fluid, and the volume of the 
fluid thus made to flow over is ascertained. A mass of pure 
gold and a mass of pure silver, the weight of each being equal 
to that of the crown, are also totally immersed, each of them 
separately, in the vessel when just filled with fluid, the volume 
of the overflowing fluid being in each case observed. To 
determine the volumes of the gold and silver contained in the 
crown. 

Let W denote the weight of the crown, the weight of the 
pure gold, or the weight of the pure silver; $ the specific 
gravity of gold, s that of silver ; a, a', the volumes of the masses 
of pure gold and pure silver respectively ; /3, /3', the respective 
volumes of the gold and silver in the crown, and c the volume 
of the crown. The quantities a, a', c, are known by the ex- 
periment, since the volume of the fluid which escapes from 
a full vessel is always equal to the volume of the mass totally 
immersed. 

Then, \ denoting the weight of a unit of volume of distilled 
water, 

c = /3 + /3'. 
From the first three of these equations 
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"Archimedis ver6 cum miilta miranda inventa et varia 
fuerint; ex omnibus etiam infinita solertia id quod exponam 
videtur esse expressum nimiiim. Hiero enim Syracusis auctus 
regia potestate, rebus bene gestis, ciim auream coronam votivam 
diis immortalibus in quodam fano constituisset ponendam^ 
manupretio locavit faciendam^ et aurum ad sacoma appendit 
redemptori. Is ad tempus opus manufactum subtiliter regi 
approbavit, et ad sacoma pondus coronse visus est prsestitisse. 
Posteaquam indicium est factum, dempto auro tantumdem 
argenti in id coronarium opus admixtum esse, indignatus Hiero 
se contemptum, neque inveniens qua ratione id furtum depre- 
henderet, rogavit Archimedem, uti in se sumeret sibi de eo 
cogitationem. Tunc is, cum haberet ejus rei curam, casu venit 
in balneum, ibique cAm in solium descenderet, animadyertit, 
quantum corporis sui in eo insideret, tantum aquse extra solium 
effluere. Itaque cum ejus rei rationem explicationis offendisset, 
non est moratus, sed exilivit gaudio motus de solio, et nudus 
vadens domum versus, significabat clara voce invenisse quod 
quaereret. Nam currens identidem Greece clamabat evprf/ca, 
evprfKa. Tum vero ex eo inventionis ingressu duas dicitur 
fecisse massas aequo pondere, quo etiam fuerat corona, unam 
ex auro, alteram ex argento. Cum ita fecisset, vas amplum ad 
summa labia implevit aqua, in quo demisit argenteam massam : 
cujus quanta magnitude in vase depressa est, tantum aquae 
effluxit. Ita exempta massa, quanto minus factum fiierat, 
refudit, sextario mensus, ut eodem modo quo prius fuerat ad 
labia sequaretur. Ita ex eo invenit, quantum pondus argenti 
ad certam aquae mensuram responderet. Cum id expertus 
esset, tum auream massam similiter pleno vase dimisit, et 
ea exempta, eadem ratione mensura addita, invenit ex aqua 
non tantum defluxisse, sed tantum minils, quantum min&s 
magno corpore eodem pondere auri massa esset qiiam argenti. 
Postea vero replete vase in eadem aqua ipsa corona demissa, 
invenit plus aquae defluxisse in coronam, qiiam in auream 
eodem pondere massam, et ita ex eo quod plus defluxerat aquae 
in corona, q{lam in massa, ratiocinatus, deprehendit argenti in 
auro mixtionem, et manifestum furtum redemptoris." 

Vitruvius : de Archtt.^ lib ix. cap. 3. 



78 SPECIFIC GRAVITY. 

8. A body, the weight of which in vacuum is 73.29 grains, 
loses 24.43 grains by immersion in water: to determine its 
specific gravity. 

Specific gravity = 3. 

9. Given the ratio of the magnitudes of two bodies, and of 
their specific gravities, and the weight of one of them : to find 
the weight of the other. 

Let JVy TV, denote the respective weights of two bodies 
Ay B; let r denote the ratio of the specific gravity and a of the 
volume of £ to the specific gravity and volume of -^4. Then 

W' = arTV. 

Stevin: (Euvres Maih&matiques, par Albert Girard, p. 497. 

10. To find the specific gravity of a substance which weighs 
65 grains in vacuum and 44 grains in water. 

Its specific gravity is equal to |f . 

11. The ratio of the specific gravity of a fluid to that of 
a solid is 8 : 1 ; to determine how far a cube, an edge of which 
is 1 inches, and which is formed out of the solid, will sink in 
the fluid. 

It will sink to the depth of an inch and a quarter. 

12. A uniform rod, the length of which is 5 feet 3 inches, 
and specific gravity .63, floats vertically in water: to determine 
the length of that portion of the rod which is immersed in the 
water. 

The required length is equal to 3.3076 feet. 

13. An hydrometer sinks to a certain depth in a fluid, the 
specific gravity of which is equal to .82 ; and, if 60 grains be 
placed upon it, to the same depth in water : to find the weight 
of the hydrometer. 

Weight of hydrometer = 240 grains. 

14. A piece of elm weighs 15 lbs. in vacuum, and a piece of 
copper, weighing 18 lbs. in vacuum and 16 lbs. in water, is 
affixed to it, when the compound is found to weigh 6 lbs. in 
water : to find the specific gravities of the elm and the copper. 
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If s, s\ be the specific gravities of the elm and the copper 

respectively, 

s = §, 5' = 9. 

16. A spherical shell of matter floats in a fluid: having 
given the ratio of the specific gravities of the fluid and of the 
shell, the depth of immersion and the radius of the outward 
surface, to determine the radius of the interior surface of the 
shell. 

If a denote the radius of the exterior and a' of the interior 
surface of the shell, n the ratio of the specific gravity of the 
fluid to that of the shell, and c the depth of the lowest point of 
the outer surface of the shell below the surface of the fluid, then 



r^ 3 nc' 1 c'\^ 
\ 4 a' 4 a'j 



Leibnitz: Miscellanea Berolinensia, torn. i. p. 127. 
Herman: Phororwmia, -p, 157. 

16. A bottle provided with a glass stopper weighs 6 ounces 
when empty ; when it is immersed in water, its apparent weight 
is half an ounce ; but when the stopper is loosened and the 
water let in, its apparent weight is 4 ounces : to find the specific 
gravity of the glass, and to determine in cubic inches the interior 
capacity of the bottle, supposing a cubic foot of water to weigh 
1000 ounces. 

The specific gravity of the glass is equal to 3, and the volume 
of the content of the bottle in cubic inches is 6.048. 

17. T\^o quarts of a liquid, the specific gravity of which 
is 1.35, are mixed with three quarts of another, and the specific 
gravity of the mixture is 1.5 : to find that of the second liquid. 

The required specific gravity =1.6. 

18. The specific gravities of cork and lead being respectively 
.24 and 11.325, to find the volumes of cork and lead in a mass 
of 10 cubic feet, that it may fioat in distilled water, one half 
being immersed. 
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If a, a, denote the numbers of cubic feet of cork and lead 
respectively, in the mass, 

21650 , 520 

a = — , a = 



2217 2217 

19. A solid cylinder floats with its axis vertical in two fluids 
which do not mix, the two surfaces of the upper fluid dividing 
the cylinder into three equal parts : the specific gravities of the 
fluids being .579 and .972, to determine the specific gravity 
of the cylinder. 

The specific gravity of the cylinder = .517. 

20. The tables of specific gravity give 

Mercury, 13.6 ; Iron^ 7.8 ; Water, 1 : 

to find how deep a uniform rod of iron must be immersed, when 
floating vertically in a vessel of mercury, the length of the rod 
being 61 inches. 

The length of the rod which is immersed in the mercury 
must be nearly equal to 3j inches. 

21. If water be resting upon a fluid the specific gravity of 
which is 5, and a body float with two parts in this fluid and one 
part in the water ; to find the specific gravity of the body. 

The specific gravity of the body = ^. 

22. A thin rod AB (fig. 19) is suspended by a string at A^ 
its lower end B resting in a fluid, the surface of which is 
intersected by the rod in the point C; having given the length 
of the rod, and the ratio of its specific gravity to that of the 
fluid, to determine the portion AC of the rod which is out 
of the fluid. 

If AB = a, AC = X, and n = the ratio of the speciflc gravity 
of the rod to that of the fluid, 

a;' = (1 - n) a\ 

Herman: Phoronomia, -p, 159. 
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CHAPTER VII. 



STABILITY OF EQUILIBRIUM, 



If a body floating in a fluid, when displaced from its position 
of rest, have a tendency to return to its original position, the 
equilibrium is said to be stable, and, if to recede still further 
from its original position, the equilibrium is said to be unstable 
in regard to the displacement We shall confine our attention 
to the general case of a body which is symmetrical with regard 
to a vertical section perpendicular to its plane of floatation, and 
€hall suppose the displacement to be of such a nature that all 
the particles of the body are made to move parallel to the 
section of symmetry. 



Section I. 
Finite Displacements, 

In this section we shall suppose the displacement of the body 
from its position of rest to be finite. Conceive the body to be 
placed in a position not coinciding with that of rest. Let & 
(fig. 20) be the centre of gravity of the body, H that point of 
the body which, when the body is in its position of rest, coin- 
tjides with that of the fluid displaced, and jff' the centre of 
gravity of the fluid displaced by the body in its actual position. 
The three points O, H, H\ will evidently be in th-e section of 
symmetry. Let M be the point in which the vertical through 
H' meets the indefinite line through Q and H, The body will 
be acted on by two forces; a force, equal to the weight of 
the fluid actually displaced, acting in the direction H' M, and 
the weight of the body acting downwards through 6r. 

G 
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If the point M be above G, the action of the fluid will there- 
fore tend to twist the line HQ into a vertical position, or to 
restore the body to its position of rest, and if the point M be 
below Qy to cause the inclination of HQ to the vertical to 
increase, or to twist the body still more from its position of rest. 
If therefore M be above G, the equilibrium will be stable, and 
if below O, it will be unstable. If M coincide with O, the 
equilibrium will be neither stable nor unstable, but indifferent or 
neutral. 

The discovery of the circumstances necessary for the stability 
of floating bodies is due to the genius of Archimedes, by whom 
the conditions for the stability of floating segments of spheres 
and paraboloids of revolution were fully discussed in his treatise 
entitled, in the edition of Tartalea's Translation by Commandine, 
De iis qtuB vehuntur in aqud. 

1. To ascertain whether a segment of a sphere, floating with 
its vertex downwards, is in a position of stable or of unstable 
equilibrium. 

Let A OB (fig. 21) be the segment of the sphere, displaced 
from its position of rest, AB being its base, and its vertex. 
Let C be the centre of the sphere of which the segment is 
a portion. Join CO : then the centre of gravity G of the seg- 
ment will be somewhere in the line CO. Let EF be the section 
of the segment made by a plane coincident with the surface of 
the water, and let V be the vertex of the segment EVFi join 
CV. Then the action of the fluid upon the segment AOB will 
be equivalent to a force, equal to the weight of the fluid dis- 
placed by the segment EVF, acting upwards in the line VC. 
Hence the weight of the solid, acting downwards through Cr, 
and the action of the fluid, will tend to twist the axis CO of the 
segment AOB into a vertical position. The equilibrium of the 
segment will therefore be stable. 

This proposition is due to Archimedes. "Si aliqua mag- 
nitudo solida levior humido, quae figuram portionis sphserse 
habeat, in humidum demittatur, ita ut basis portionis non tangat 
humidum : figura insidebit recta, ita ut axis portionis sit se- 
cundum perpendicularem. Et si ab aliquo inclinetur figura, ut 
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basis portionis humidum non contingat^ non manebit inclinata 
«i demittatar^ sed recta restituetur." 

De lis qtcee vehuntur in aqud, lib. i. Prop. 8. 

2. A paraboloid of reyolution is immersed in a fluid, with 
its axis inclined at a certain angle to the horizon, so that the 
circular base of the paraboloid is entirely out of the fluid ; th« 
weight of the volume of the fluid displaced being equal to that 
of the paraboloid, to determine whether the action of the fluid 
will tend to twist the axis of the paraboloid towards the vertical 
or in the contrary direction. 

Let ABC(&g. 22) be the paraboloid, A its vertex ; QQ! the 
axis major of the elliptic section of the solid made by the 
surface of the fluid ; S the focus, PTa. tangent to the paraboloid 
in the plane QAQ parallel to QQ' ; G the centre of gravity of 
the solid, which will lie in the axis AO, H' of the fluid dis- 
placed, M the intersection of the axis of the paraboloid with the 
vertical line through IT : let V be the middle point of the line 
QQ ; join VP : it is easily seen that the point H' will lie in 
VP. Let VW be a line drawn at right angles to the plane 
QAQ! to meet the surface of the paraboloid in the point W. 
Let vqy tyw, be lines, in a section of the solid parallel to Q WQ, 
analogous to VQ, VJV; and let Pv = x. Let 4m be the latus 
rectum of the parabola, PV= x. 

Then, being the inclination of the axis of the paraboloid to 
the horizon, 



sm 



e 



and, a plane section Pw TV of the paraboloid at right angles to 
the plane QAQ, being a parabola similar to the generating 
parabola, ^^2 ^ 4^,^/ . 

, 4m , 

hence qf>.wv - -, — ^ . x , 

and therefore the area of the elliptic section through vq, parallel 
to Q WQi qvy VW, being its semi-axes, will be equal to 

4Trmx' 



w .qv .tcv ^ 



sin 

02 
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Hence, putting PH' = 5, 

5. I -: — T" . sin Odx* - \ —. — jr- . x\ sin dx', 
Jo BinO Jo sm u 

X, I xdx' = I a:"di'. 

Again, 

TM. cos e = Pr+ PJET. COS = 2SP cos 6 + PH', cos 0, 

and therefore 7!3f = 25jP + §a: = -r-rji + §^- 

sin ^ 

Also TA = ^^r- m = -^ - w: 

sin fl 

hence AM = m + - . « ^ + Sa: (1). 

sin ^ ** 

Now, the weight of the volume of the fluid displaced being 
equal to that of the solid, we have, putting -4 O = a, p = the 
density of the solid, tr = that of the fluid, 

2irwa'. p = cr I . . sin dx = 2irfn<Ta?y 

J sm cr 

whence ic = f - J . a. 

We have then AM^ m + -r-5-75 + - ( - 1 ^' 

sm' 3 \cry 

In order that the fluid may tend to twist AO into a vertical 

position, we must have 

AM>AG, 



^ 2 
or m + -r-Yh + 3 



sin''© 



(e)'a>!», 



(?) 



3 



o - s w + 



m 



or I - I > ^ , 

a 

2 



L- 



3 



m 



ej-r;sg»,, (,^ 



a 
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If - be less than this expression, the axis of the paraboloid 

will recede still further from the vertical. The condition (2) 
will therefore ensure the stability of the paraboloid floating with 
its axis vertical. This condition will be satisfied a fortiori if 

a a 

This result agrees with that given by Archimedes, De its quce 
vehuntur in aqudy lib. ii. Prop. 4. " Recta portio conoidis rect- 
anguli, quando fuerit humido levior, et axem habuerit majorem, 
quam sesquialterum ejus, quae usque ad axem: si in gravitate 
ad humidum sequalis molis non minorem proportionem habeat 
ea, quam quadratum, quod sit ab excessu, quo axis major est, 
quclm sesquialter ejus, quae usque ad axem, habet ad quadratum, 
quod ab axe ; demissa in liumidum, ita ut basis ipsius humidum 
non contingat, et posita inclinata, non manebit inclinata, sed 
recta restituetur." 

Cor. I. Suppose the point C to be in contact with the 
surface of the fluid. Then 

(4ma)* = QF; sin e+ ^"^ 



tan 






or, since x is equal to ( - j a, 



t \<Tl J tan 

Hence, from (2), that the axis of the paraboloid may tend to 
become vertical, we have the condition 



> Y -. I (9\ > _ 1 _ 6^ 

cr] 1\<t) 6 ba' 

p\ _ 3V \a - SOm 
a) 51 ^ 25a * 



J 
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a condition which will be satisfied provided that 

15 

i 



a < '1 . 2m, 



whatever be the value of ^ . 

This result comprehends Prop. 6., lib. ii., of the Treatise of 
Archimedes : — " Recta portio conoidis rectanguli, quando levior 
humido axem habuerit majorem quidem quitm sesquialterum 
ejus, quae usque ad axem, minorem vero, qu&m ut ad earn, 
quae usque ad axem, proportionem habeat, quam quindecim ad 
quatuor; in humidum demissa adeo, ut basis ipsius contingat 
humidum, nunquam consistet inclinata ita, ut basis in uno 
puncto humidum contingat.'^ 

CoR. 2. In order that the axis of the paraboloid may tend to 
assume a vertical position, the sufficieiit and necessary condition 
consists in the inequality 

AM> AG; 

hence by (1), since -4Cr is equal to §a, we have 

moo 
sin t^ 

1 q m 
or a < gm + 5 . , /> + ^ 

sm 

< 1 . 2m + jm cot* + a:, 

and therefore, dfortiori^ the axis will tend to become vertical, 
whatever be the ratio between the density of the fluid and 
paraboloid, and whatever volume of the paraboloid be immersed, 
the base being supposed to be entirely out of the fluid, pro- 
vided that a be less than § . 2m. This conclusion agrees with 
Prop. 2., lib. II., of the Treatise of Archimedes : — " Recta portio 
conoidis rectangtdi, quando axem habuerit minorem, quam 
sesquialterum ejus, quae usque ad axem, quamcunque propor- 
tionem habens ad humidum in gravitate; demissa in humidum, 
ita ut basis ipsius humidum non contingat ; et posita inclinata, 
non manebit inclinata ; sed recta restituetur. Rectam dico con- 
sistere talem portionem, quando planum quod ipsam secuit, 
superficiei humidi fuerit sequidistans." 
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Cor. 3. If the axis tend to move neither one way nor the 
other^ that is^ if the paraboloid be in a position of rest with its 
axis inclined at an angle to the horizon^ we mast have 

AM^ AG, 

and therefore m + . , ■ .. + - ( — j a«§a, 




or sin* = 



im 



a - ( - ) a - ^m 



These conclusions are established by Archimedes^ lib. ii. Prop. 8. 

3. A paraboloid of revolution is immersed in a fluid, with its 
axis inclined at a certain angle to the horizon, so that the 
circular base of the paraboloid is entirely within the fluid : the 
weight of the volume of the fluid displaced being equal to that 
of the paraboloid, to determine whether the action of the fluid 
will tend to twist the axis of the paraboloid towards the vertical 
or in the contrary direction. 

If a denote the length of the axis of the paraboloid, 4 m its 
latus rectum, 6 the inclination of its axis to the horizon, p the 
density of the paraboloid, and a that of the fluid, the axis will 
tend to approach or recede from the vertical accordingly as 

— is less or greater than the expression 



-Hi 



m 

m -f 



sin'fl 




a* 



or, if d be nearly Jtt, than the expression ^ * 



a' 



Archimedes; De its qtuB vehuntur in aqtid, lib. ii. Prop. 5. 
" Rectn portio conoidis rectanguli, quando levior humido axem 
habuerit majorem, qu^m sesquialterum ejus, quae usque ad 
axem ; si ad humidum in gravitate non majorem proportionem 
habeat, quslm excessus, quo quadratum quod flt ab axe majus 
est quadrato, quod ab excessu, quo axis major est^ quam ses- 
quialter ejus, quae usque ad axem, ad quadratum^ quod ab axe : 
demissa in humidum, ita ut basis ipsius tota sit in humido; 
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et posita inclinata non manebit inclinata^ sed restituettn: ita, 
ut axis ipsius secundum perpendicularem fiat." From the 
investigations which present themselves in the solution of this 
problem it is easy to ascertain that^ if a be less than | . 2m, the 
axis will tend to assume a vertical position whatever be the 
ratio between the density of the paraboloid and that of the fluid. 
Archimedes, prop. 3. lib. ii : " Recta portio conoidis rectanguli, 
quando axem habuerit minorem, quam sesquialterum ejus, quae 
usque ad axem, quamcunque proportionem habens ad humidum 
in gravitate ; demissa in humidum, ita ut basis ipsius tota sit 
in humido; et posita inclinata, non manebit inclinata, sed ita 
restituetur^ ut axis ipsius secundum perpendicularem fiat." 



Section II. 
Indefinitely smaU Displacements, Metctcentre. 

Suppose that, adopting the construction and notation of the 
preceding section, the angular displacement, supposed to be 
impressed upon the solid about a certain line in the plane 
of floatation at right* angles to the section of symmetry, is 
indefinitely small, and that the volume of the displaced fluid 
is the same before and after the displacement, that is, such that 
its weight is equal to that of the floating body; this line 
of rotation, as is proved in all systematic treatises on Hydro- 
statics, will pass through the centre of gravity of the plane 
of floatation. The ultimate position of M is called the meta- 
centre of the floating body. The point H' will ultimately 
coincide with Hy and the magnitude of HM will be defined 
by the formula j w 

A being the area of the plane of floatation, Alf its moment of 
inertia about its axis of rotation, and V the volume of the fluid 
displaced. For small displacements the stability, neutrality, 
instability of the equilibrium will correspond respectively to the 
conditions 

^>HG, ^=HG, ^<RG; 
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and putting HQ = y, the quantity -=- - 7 may be taken as a 

measure of the stability. 

The term metacerUre was first used by Bouguer, in a work 
entitled TraiiS du Namre^ published in 1746, and the formula 
which we have given for computing the magnitude of HM, is 
substantially the same as that given by Bouguer in his treatise, 
liv. II. sect. ii. chap. 3, p. 262. 

1. To find the position of the metacentre of a rectangular 
parallelepiped, supposed to receive an angular displacement 
about a line in its plane of floatation at right angles to two 
of its faces. 

Let a = the length, and b « the breadth of its plane of float- 
ation, and c = the depth of the parallelepiped, the line of 
rotation being supposed to be perpendicular to the length a. 

Then Afi? = /bx^'dx = i^' : 

also, p being the density of the solid, a of the fluid, and c the 
depth to which the parallelepiped is immersed, 

(TC = pC, 

which determines c. 

Hence HM=^^-^. 

abc 1 2c 

This result shews that, to ensure the stability of the body, 
the greatest height of its centre of gravity above the centre of 

gravity of the displaced fluid must not be greater than ^ . 

Supposing Noah's ark to have been, like the Chinese jimks, in 
the form of a parallelepiped, Bouguer (TrattS du Navire, 
p. 256) observes, "S'il s'agissoit en particulier de PArche de 
No^, dont la largeur ^toit de 50 coud^es, et qu' on supposslt 
que ce b&timent enfon^it dans les eaux du deluge de 10 
coud^es, on trouvera que le metacentre M ^toit flev^ de 20§ 
coud^es au-dessus du centre de gravity de la carene, et par 
consequent de 15§ au-dessus de'la surface de la mer, et de 
25| au-dessus du fond de la cale. II etoit difficile, ou plutdt 
il n' etoit pas possible que le centre de gravity se trouv&t port^ 
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& une si grande 6l^yation5 puisque toute PArche n'avoit que 
30 coud6es de hauteur. Ainsi Pinclinaison de ce b&timent ne 
pouvoit jamais devenir trop grande; U n'y avoit rien & craindre 
de ce cdt6 pour lea pr6cieux restes du genre humain." 

2. To find the metacentre of a right cone floating in a fluid. 

Let It (fig. 23) be the radius OA of its base^ ^its altitude 
OV; p the density of the cone and o- that of the fluid. Then, 
M being the metacentre, and H the centre of gravity of the 
fluid displaced a Vb, we have 

V being the volume of a Vby and AJ^ the moment of inertia 

of the circular area ah about a diameter. 

For equilibrium we must have, h being the length Vo 

of the immersed portion of the axis, and r the radius cu> of the 

circular area ai, 

JttIP. JET.^p = Jiri^A.jro-, 

or I^.H.p = r'Acr; 

whence, observing that A : r : : -ff : iJ, 

and -B'p = t^a 

Again, V^^irf^h (2), 

and AV = Jirr* (3). 

From (2) and (3) we have for HM the value 

Ittt* 3^* 

jTrr'A'lA^ 
and therefore, from (1), 

Cor. Since VG'\H, 

and VH^\h=\HU^^ 



I (1). 



HM = \ ^''^ ^^P^ 



we have HQ^\H{\ 



-m 
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In order, therefore, that the equilibrium may be stable, 
we must have 



^ > \H 



('-©}• 



If the equilibrium be neutral. 



P 
Daniel Bernoulli : Comment, Acad, Petrop, 1738, p. 163. 

3. A cone, the vertical angle of which is ^tt, and of which 
the density throughout any section perpendicular to the axis 
varies inversely as the square of the distance of the section 
from the vertex, floats in a fluid, the density of which is m times 
the least density of the cone : to determine the value of m when 
the equilibrium is one of indiflerence. 

Adopting the figure and notation of the preceding problem, 
we have, observing that in the present case r is equal to A, 



and therefore VM = VH + HM = i*. 

Again, -=^ denoting the density of the base of the cone, and 

Tj the radius of a circular section at a distance h^ from the vertex, 
the mass of the cone wiU be equal to 

Jo "l J "'l 

= TTfX I C?Aj = TTllH. 

Jo 

Also, the density of the fluid being equal to ^ , the mass of 
the fluid displaced will be equal to 

Wh.'^^lTTixm^^, 



% 
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Equating the mass of the cone to that of the fliiid displaced, 
we get rr I A' 

IP = imh\ 

Since the equilibrium is to be one of indiiFerence, we must have 

VO = VM, 

and therefore 

m = 24. 



'*-!*(?;■ '■{")■ 



4. To find the position of the metacentre of a right-angled 
triangular board, of which the right angle is immersed in a fluid, 
the opposite side being horizontal. 

The metacentre will be as much above the surface of the 
fluid as the centre of gravity of the fluid displaced is below it. 

Bouguer : Traits du Navire, p. 266. 

5. A uniform rectangular board floats vertically in a fluid ; 
supposing the vertical length of the board to be to the hori- 
zontal in the ratio of V2 to V3, and the board to be so disturbed 
as to be still in a vertical plane, to find the ratio of the density 
of the board to that of the fluid, that the equilibrium may 
be neutral. 

The density of the board must be equal to half that of the 
fluid. 

6. To And the metacentre of a square lamina floating in 
a fluid with one side horizontal, when the specific gravity 
of the lamina is equal to two-thirds of that of the fluid. 

If a denote the length of. a side of the square, and x the 
altitude of the metacentre above the lowest of the two hori- 
zontal sides, X ^Ud' 

7. To determine the condition that a homogeneous cylinder 
may float with stability in a fluid, its axis being supposed to be 
vertical. 
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If T be the radius and A the altitude of the cylinder, and 
p, o", the respective densities of the cylinder and of the fluid, 
the sufficient and necessary condition will be expressed by the 
inequality ^ 2/o (a- - p) 

Daniel Bernoulli : Comment. Acad. Petrop. 1738, p.'162. 
Encycl. Metrop.^ Mix. Sc.y Vol. i. p. 193. 

8. To investigate the nature of the equilibrium of a floating 
sphere. 

The equilibrium will always be neutral. 

9. To find the least density of a right-angled cone which 
can float in stable equilibrium with its vertex downwards in 
a given fluid. 

The density of the cone must not be less than one-eighth 
of the density of the fluid. 

10. A paraboloid, with its axis vertical and vertex down- 
wards, floats in a fluid with half its axis immersed, in a position 
of indiflTerent equilibrium : to determine the ratio of the height 
of the paraboloid to the latus rectum of the generating parabola. 

If h be the height and / the latus rectum, 

11. A rectangular board floats vertically with two of its sides 
parallel to the horizon : to find the measure of its stability. 

If p denote the density of the board, a that of the fluid, 
a the breadth and b the altitude of the board, then MO, the 
magnitude of which may be regarded as a measure of Oie 
stability, will be equal to 

12ip ^ V ^) 

If this quantity be negative, the equilibrium will be unstable, 
and if zero, it will be neutral. 

Encycl. Metrap.y Mix. Sc., Vol. i. p. 193. 
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12. A prisitty the section of which perpendicular to its axis 
is an isosceles triangle, the vertical angle of which is given, 
floats in water with its vertical angle immersed: to determine 
the specific gravity of the prism that its equilibrium may be 
stable. 

If a be the vertical angle, and 8 the specific gravity, the 
equilibrium will be stable, neutral, or unstable respectively, 
according to the following conditions. 



(^cos f J, 



a \ / a 



8 > I COS - I , 5 = 1 cos - 1 , 5 < I cos — 



Section III. 

Stability of Bodies floMng wnder wM^^imti^. 

1. A uniform homogeneous rod AB (fig. 24), one end A of 
which is attached to a point at a given depth within a fluid, 
is placed at a certain inclination to the horizon: to determine 
whether the rod will tend to assume a vertical position or 
to recede further from it. 

Let AB^a^' AH^hy H being the point in the surface 
through which the vertical line AH passes; let AM^x, AM 
being the portion of the rod which is immersed in the fluid. 
Also let L AMH- 0, p = the density of the rod, and <7 = that 
of the fluid. 

Then, k denoting the area of a perpendicular section of the 
rod, the moment of the fluid displaced about A will be equal to 

K<rx . Ix cos « ^fccro;^ cos 0; 

and the moment of the rod about A will be equal to 

Kpa . la cos » ^icpa^ cos 0. 

Hfence, that the rod may tend to become vertical, we must have 

aa^ cos > pcf cos 0, 
or <TZ^ > pa^y 

and therefore, since re sin © = A, 

orA* > pcf sin' By 



•'»•<(■-}! (■> 
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We have supposed the rod to be only partially immersed: 
supposing it however to be entirely withiii the fluid, it is plain 
that, if it have a tendency to assume a vertical position, we 
must have i^^^2 ^^^ q ^ i ^^^a ^^^ q^ 

or the suflicient and necessary condition is expressed by the 
inequaUty ^ > ^ 

Under the supposition of the partial immersion of the rod, 
since, if be sufficiently small, the inequality (1) will always be 
satisfied, it is evident that the rod's vertical position of equi- 
librium will be one of stability at least for small displacements. 

2. A prolate spheroid is placed with its axis vertical in 
a vessel with a horizontal base, into which fluid is poured: 
to determine the height to which the fluid must rise in order 
that the equilibrium may be stable for small displacements. 

Let AB (fig. 25) be the axis of the spheroid when slightly 
displaced from its vertical position, so as still to be in contact 
with the bottom of the vessel. 

Let O be the middle point of AB, or the centre of gravity 
of the spheroid ; M the intersection of AB and the vertical line 
through the centre of gravity of the fluid displaced in the new 
position of the spheroid; N the intersection of AB and the 
vertical line in which the reaction of the bottom of the vessel 
on the spheroid is exerted. Also let S be the point in the line 
ABy which, in the spheroid's position of rest, coincides with the 
centre of gravity of the fluid displaced. 

Let V denote the volume of the fluid displaced, which will 
be the same after as before the displacement, since the centre of 
gravity of the section of the soHd, made by the surface of the 
fluid, will be, for the very small displacement, stiU in the 
surface of the fluid. Let V denote the volume of the spheroid. 
Let p denote the density of the solid, <r that of the fluid ; a, J, 
the semi-axes, major and minor. 

Then, the reaction through N being equal to 

iV'p-Va)ff, 
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it will be sufficient , and necessary for the stability of equi- 
librium that 

{V'p-V<t).GN<<tV.MG 

<<rV.(HM-AG + AH). 

Now, when the depth of the fluid is A, 

r= irf^dx "IT-, f„K2ax - a^) «fo = ■«• -. (ah' - J A'), 

a a 

ON" a--, 
a 

V. nU^ }wy* = \if -. (2aA - A'/, 

V. AH= vj.^xy'dx^'n- ^/,*(2oai'- «') dx = ir -,^oA'- {A'> 

Hence 
{i;irah*p-V&) ^a--^<<r |j7r-'(2aA-A7-Fa+7r -,(§oA'-JA*)| , 

^irpah* (a--\<a {\ir -. {2ah - A')' - F - + tt -^ (|oA' - JA')) 
\ a) I ^ ad J 

< a hv -. (2aA - A')' -ir-. (aA' - J A') + ir -, (§ oA* - | A*)\ , 
a a a ) 

*,p (a" - 5') < ^(i -, (2aA - A'/ - *-' (oA' - JA'J + § aA' - J A'l 

< 5 (1 ^ (A* - 4ah') + — A» + §oA' - JA*| 
a" U a' '^ 3a ' ' / 



1 b'-a* ,, 2J' 



A« - _ A" + §aA» 
3a ' 



} 



a' li a 

<r ri b'- a' „ 2 i* - a' ,,1 



1 A^^ 
4 a 



AV, 3A\ 
or, for the smallest value of A, 



^ *^ a" V " 8a 
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3. A homogeneous right cone, the vertex of which is attached 
to a fixed point at a certain depth within' a fluid, is placed with 
its axis vertical, its base being supposed to be out of the fluid : 
to determine the condition that the equilibrium of the cone may 
be stable for indefinitely small displacements. 

If p denote the density of the cone, o- that of the fluid, 2a 
the vertical angle of the cone, h its altitude, and h' the depth 
of the vertex below the surface, the sufficient and necessary 
condition for stability is expressed by the inequality 

A'* p cos' a 



H 
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CHAPTER VIII. 



EQUILIBBIUM OF YBSSELS CONTAINING FLUID. 



Section I. 
Equilibrium, 



The system consisting of a vessel and the contained fluid^ 
will be subject to the action of three forces, viz. the weight 
of the vessel, the weight of the fluid, and the reaction of the 
surface upon which the vessel is supported. The conditions 
of the equilibrium may therefore be ascertained as in ordinary 
statical problems. # 

1. A cubical vessel, half filled with fluid, rests upon a hori- 
zontal plane; to find the greatest angle through which the 
plane can be turned before the vessel overturns, the lowest 
edge of the cube remaining horizontal, and all sliding being 
prevented. 

It is evident that the angle may be as great as 45°, for, 
under this condition, the centre of gravity of the fluid contained 
in it, and of the vessel itself, will lie in the vertical line 
through the middle point of its lowest edge. It may easily 
be ascertained that this is the greatest elevation. For,, sup- 
posing the elevation to be greater, in which case a portion of 
the fluid will have escaped, let ABCD (fig. 26) be a vertical 
section of the vessel through the centre of gravity O of the 
fluid, at right angles to the inclined plane. Let AK be the 
section of the surface of the fluid, which will be a horizontal 
line. Join Ay Cr, and produce the line AG to Jf, which will 
be the middle point of BK. Draw GH at right angles to BK: 
join GB, 
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Then tan L GBH= ^^ |4g = }4|= 4^. 

BH \BM ^BK BK 

But, if be the inclination of the inclined plane to the 
horizon, the tangent of the acute angle between the vertical 
through B and the inclined plane will be equal to cot 0. 
Hence, supposing the weight of the vessel itself to be incon- 
siderable, we must have, that equilibrium may be preserved, 

tan lGBHl or = cot (1); 

a condition necessary a fortiori, if the weight of the vessel 
be not inconsiderable, since the centre of gravity of the vessel 
lies in a vertical line to the left of J5. But, since AB is greater 
than BKy tan L GBH must be greater than unity, and, Q being 

supposed to be greater than - , cot must be less than unity : 

4 

thus the condition (1) is impossible. It is evident therefore 

that, whether the vessel be supposed to have weight or not, the 

plane may have any inclination up to 45°, but no greater, 

• 

2. The common intersection of two planes is a horizontal 
line, and between them rests an indefinitely thin hollow hemi- 
sphere, with its rim in contact with one of them, which is 
vertical, and the spaee between the internal superficies of the 
hemisphere and the vertical plane is filled with a homogeneous 
fluid: to find the pressure upon each of the planes and their 
greatest inclination for which the equilibrium is possible. 

Let fig. (27) represent a section of the hemisphere and the 
two planes, made by a plane through the centre C of the sphere, 
perpendicular to the two planes ; AE and AF denoting the 
sections of the two planes. 

The plane AF will exert upon the hemisphere a force iZ, 
passing through Ci also the fluid, which acts normally upon 
the hemisphere at every point, will produce upon it a resultant 
force P passing through C The hemisphere is subject to the 
action of no other force beside these two, except the horizontal 
resultant 8 of the pressures of AE upon the rim of the hemi- 
sphere : the force S must therefore also pass through C. 

h2 
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Let r « the radius of the sphere, 6 = Z PCA^ a- L EAF. 
Then, for the equilibrium of the hemisphere, we have, resolving 
forces horizontally, 

^5+ P sin = i? cos a (1), 

and, resolving vertically, 

P cos = JR sin a (2). 

But P sin 6, P cos &, will be equal respectively to the pressure 
of the fluid upon the vertical plane and the weight of the fluid, 
that is, to wgpr^ and lirgpr^. Hence the equations (1) and (2) 
become g ^ ^gp^ ^ r cos a, 

lirffpr^ = B sin a, 

whence -B = ^'rrgpt^ cosec a, 

S == lirgpr" (cot a - ^. 

Since S cannot have a negative value, the greatest value of a 
consistent with equilibrium is given by the equation 

cot a = 5, a = tan"* §. 

• 

3. A cylindrical vessel, the weight and thickness of which 
are inconsiderable, is placed with its base upon an inclined 
plane, and prevented from sliding by the roughness of the 
plane; to find the height to which it may be filled with fluid 
without oversetting. 

If r be the radius of the cylinder, tan'* a the inclination of 
the plane to the horizon, and c the length of the portion of the 
axis of the cylinder which is immersed in the fluid, 

a 



Seci'ion II. 
Stability of Vessels JiUed vnth Fluid, 

I, A thin uniform hemispherical bowl of given weight, 
partly filled with fluid, is placed with its axis vertical upon 






• • • ^a, « to 



j 
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the highest point of a sphere : to ascertain the nature of the 
equilibrium in regard to stability, the bowl being supposed 
to be subject to a rolling but not to a sliding motion upon the 
supporting sphere. 

Let A (fig. 28) be the highest point of the supporting sphere, 
A the point of the bowl which, when it is in its position of 
equilibrium, is in contact with A!, Let O be the centre of the 
sphere of the bowl, G that of the supporting sphere. Let Q be 
the point of contact when the bowl is displaced from its position 
of rest by a motion of rotation. 

Let P denote the weight of the bowl and W of the fluid 
which it contains. Join OO which will pass through Q, and 
produce OA to meet OA produced in B. The centre of 
gravity G of the bowl, which is supposed to be of uniform 
thickness, will coincide with the middle point of OA^ and the 
weight TF'of the fluid will act vertically downwards through O. 

Let OQ = r, 0'Q==r', lAOW^O, LGOVr^xp. 

Then the moment of P and JV about Q, tending to disturb 
the bowl still further from its position of equilibrium, is equal to 

Wr sin ;/^ + P (r sin i^ - Jr sin 0) 

= (P + W) rsinxp- J PrsinO. 

But, since the arc QA must be equal to the arc QA by the 
nature of the displacement, which is due to rolling, we have 

r'xp = r (fl - xp\ 

r0 

w = — -/• 
r + r 

Hence the moment about Q is equal to 

(P + W) r sin {-^^ - JPr sin 0. 

\r + r J 

In order that the bowl may tend to return to its position of 
rest, this expression must be negative : hence we must have 

. / rB 

Sin I -, 

p>2(p+ w) — iiii-.. 

smif 



•J ^ 
■J .J 



■J ,i J -J >i 
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Suppose to be a very small angle : then approximately this 
inequality becomes 

P> 2(P+ TT) '" 



r + r 



P 2r 
W r - r 

which is the condition for stability with regard to small dis- 
placements of rotation. 

2. A cone of given density is scooped out so that the hollow 
part is the inscribed paraboloid, the vertex of which bisects the 
axis of the cone. To determine how much fluid of given 
density must be poured into it, that it may float in a state 
of neutral equilibrium when placed, with its vertex downwards, 
in another given fluid. 

Let r denote the radius of the base of the cone, h its altitude ; 
X the distance of the vertex A (fig. 29) of the paraboloid from 
the surface PQ of the fluid which it contains, ^ the distance 
of the vertex of the cone from the surface PQ' of the fluid 
in which the cone is immersed; V the volume of the fluid 
contained in the paraboloid and V that of the fluid displaced 
by the immersion of the cone ; y the radius of the circle PQ^ 
y that of the circle PQ ; f> the density of the solid substance 
of the cone, tr of the fluid poured into it, and a' of the fluid 
in which it is immersed. Let H be the centre of gravity of the 
paraboloidal volume PAQ, H' of the conical volume POQ ; 
M the metacentre of the fluid PAQ and M' of the fluid 
displaced, POQ. Then, in dase of a slight angular dis- 
placement of the cone, the fluid PAQ will act on the solid 
portion of the cone vertically downwards through My and the 
fluid POQ wiU act upon it vertically upwards through M\ 

If the equilibrium be neutral, the moment of V<t to twist the 
solid matter of the cone about its centre of gravity must be 
equal to that of F V to twist it in an opposite direction. 

Let X denote the distance of the centre of gravity of the solid 
matter of the cone from its vertex : then, the volume of the 
whole cone KOL being Jirr'A, the volume of the paraboloid 
KAL being \ irr^h, the distance of the centre of gravity of the 






{ 
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whole cone KOL from O. being \h and that of t^e paa?aboloid 
KAL from A being \hj we haye 

JA-^G-D + l-iA, 
6A = 25 + 5A, 5 = \hy 

a result which shews that the centre of gravity of the solid 
portion of the cone coincides with the vertex A of the inscribed 
paraboloid. 

Agwij. th^ e<]^uation to the gener^ti^g parabola KAL beingi 

or, since V= fir^dx = —r— Jxdx = — y— , 

h 
But ^^is equal to §2;; hence 

and therefore Fl a. AM = «j-. 



■•(r^0- 



Again, v. H'M' = i^y*, 

or, since V is equal to ^ir^x', 

8 J'*' 
and therefore, OA being equal to ^h and O^T' to |;c'. 



^'ilf' = ^^, 



. „ 8 A' + r* , ,1 



and «r'. F. AM' = J,r«r' t^' . (i ^±^ a:' - Ja) . 

Hence, the equilibrium being neutral, 

V.a.AM= V.a'.AM', 

<ra:'. (Ihx + ^ = a'x" (^^ x' -^h) (1). 
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Also, the weight of the fluid displaced being equal to the sum 
of the weights of the solid portion of the cone and the fluid 
poured into the paraboloid, 

F". <r + (vol. of cone - vol. of KAL) p = F"' . a\ 



aa? + AM' 






(2> 



The value of a; is determined by the two equations (1) and (2). 






• • • / 

• • • « 
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CHAPTER IX. 



TENSION OF VESSELS CONTAINING FLUID. 

JjETp be the pressure exerted at any point of a vessel of any 
form by the fluid which it contains ; r, 8, its principal radii of 
curvature at the point ; and Uj v, the respective tensions of the 
material of the vessel in the corresponding principal sections. 

Then ^ ^ 

»=- + -. 
r 8 

If the vessel is immersed in fluids p must be here taken to 
represent the difference of the pressures of the exterior and 
interior fluids. 

If the tensions be the same in both principal sections^, u, v, 
being each denoted by the same letter t^ we have 



Vr "^Jj' 



and, if s a r, as in a spherical envelop. 



2t 



Supposing the vessel to be cylindrical, one of the principal 
radii of curvature will be"infinite : putting « = oo, we have 

u 
r 

a relation between the pressure, the tension, and the radius of 
curvature, the discovery of which is due to James Bernoulli. 

See Jacobi BemoulU Opera, tom. ii. p. 1043, de OartxxJtura 
FUi ah mnumeri8 poterUm extemi. 

1. A tube, every horizontal section of which is circular, 
is filled with fluid which is acted on by gravity, the axis of 
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the tube being vertical: to find the law of the thickness 
of the tube that it may be, in regard to the stress of the fluid, 
of the same strength throughout. 

Let t denote the tension of any circular section of the bore of 
which r is the radius, and p the pressure of the fluid at each 
point of this section. Then 

t = pr (1). 

Let h represent the depth of this section below the surface of 
the fluid, g the force of gravity, p the density of the fluid : then 

p ^ gpK 

and therefore, from (1), t » ffphr , , (2). 

Suppose T to denote the thickness of the tube at the section, 
and y the force exerted by a unit of thickness, which, by the 
condition of the problem, will be the same throughout the tube. 
Tben ^^yV, 

and therefore, from (2), fr *= gphr, 

to: hr. 

If the tube be of uniform bore, its thickneas must vary from 
section to section as the depth below the surface of the fluid. 

Encyd, Metrop. Mixed Sc. vol. i. p. 177. 

S. A given mass of known elastic fluid is confined in a 
slightly elastic spherical envelop of given material, the natural 
radius of which is assigned. Supposing the tension of the 
envelop to be as the linear extension, to determine approximately 
the increment of its radius. 

Let r be the radius of the expanded envelop, JB its natural 

radius, p the pressure of the fluid at each of its points. Then, 

t being the tension, 

pr=^2t (I). 

Let /A denote the modulus of elasticity of the material of tb^ 
envelop; then r -^ B » fiJU (2). 

From (1) and (2), since fj, is, by the condition of problem, 
supposed to be small, we have 

r-'E^ ifiiep (3). 
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Let k represent the elasticity of the fluid, supposing a unit 
of its mass to be compressed into a unit of volume ; then, |»r' 
being die volume of the envelop, and M being taken to 
represent the mass of the fluid in the envelop, 

, M SkM , 

and therefore, from (3), 

Sir JB 

3. A paraboloid is filled with fluid, the pressure at any point 
of which is equal to j9 ; to determine the tension at this point, 
its distance from the focus being r, the tension in both principal 
sections being supposed to be the same. 

The radius of curvature of the generating curve is equal to 

nth * 

and the radius of curvature of the other principal section, 
y' = ^mx being the equation to the generating parabola, will be, 
if be the angle between the ordinate and the normal, 

y sec 6 = y ( 1 + —^ ) = (y* + 4m')* = 2 (ma; + m')* = 2 {mrf. 

Hence r', «', denoting the two radii of curvature, 

/I 1\ ^{ni' 1 ) 



t. 



2r 
m 4- r 

2mV 



t =jE). 



2m r 
in + r 



4. To find the form of a rectangle of cloth which, having two 
opposite sides supported parallel to each other in a horizontal 
plane, is pressed by the weight of a fluid contained in it, the 
fluid being supposed to be prevented running out from the 
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cloth by two vertical boards in contact with its two other 
sides. 

Let x^ tfy be horizontal and vertical coordinates of any point 
in a vertical section of the cloth at right angles to the two fixed 
ends, the axis of y extending vertically downwards. 

Then, t denoting the tension at this point, and r the radius 
of curvature, t = pr: 

but p s= gpy : 

hence gpy = - (1). 

T 

But since the fluid acts normally on the cloth at every point, 
it follows that ^ „ ^ 

c. being a constant quantity : hence, from {l^vre see that 

gpy-'l (2)- 

T 

Now supposing «, the arc, to be the independent variable, 
we know that ^yds 

we have therefore, from (2), 

d'x 
gpy^c 



^ 1/Tnnr» «/ = 1/T« 



dyds ' 
d'x 



or, putting c = ypa', y ^ ^a ^ ^^. 

Integrating, ds being considered constant, we get 

a 2 dx 

no constant being added, if the origin be so chosen that y and 

dx 

— are zero simultaneously. 

Since ds^ is equal to da^ + dy^, we have 

y* (da^ + dy^) = a*dx , 

the (MflFerential equation to the curve. 
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This curve is called the Lintearia in consequence of the mode 
of its formation. Its equation shews that it coincides with the 
Elastica. 

The history of the discovery of the Lintearia is given in the 
chapter on Kesistances^ after the solution of the problem of the 
Velaria. 

5. A homogeneous incompressible fluid completely enclosed 
in a thin and perfectly extensible envelop, which exercises a 
uniform tension in every direction in its surface, at any point, 
is placed upon a horizontal plane : to find the diflferential equa- 
tion to a meridian of the surface (of revolution) assumed by the 
fluid. 

Let EAE (fig. 30) be the intersection of the plane of a meri- 
dian AEBEA with the horizontal plane, AB being the axis of 
the envelop. Draw PM at right angles to AB from any point 
P of the meridian. Let AB = o, AM = y, PM - x, T^ the 
tension at each point of the surface, which will be the same 
throughout, the action of the fluid on the surface being normal 
to it at each point. Let r, 5, be the principal radii of curvature 
of the envelop at P, r being the radius of curvature in the 
meridional plane : let JB be the radius of curvature at J5. Let jo 
represent the pressure of the fluid at P. 

Then, for the equilibrium, there is 




or, the pressure at B being — • 



^ 99 r N 1 1 



But 
and, denoting the inclination of PMto the normal at P, 




cos d 1 1 



s~ X a;(l + tan'e)4 (, diF\k' 
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which is the di£Ferential equation to the meridian. 

Cor. When the quantity of fluid is very great, so that it 
covers a very large portion of the horizontal plane, the differ- 
ential equation may be once integrated, the result being 

1 1 




where o, the value of y for points at a considerable distance 
from the edge of the fluid, where the curve is sensibly a 

/4r\4 

horizontal straight line, will be equal to ( — | . 

6. A cylindrical pipe of given radius is formed with metal 
of a given thickness : given the greatest weight which a cylin- 
drical wire of the same material and thickness can support : to 
find the greatest height of fluid which the pipe can sustain 
without bursting. 

Let to denote the greatest weight which can be sustained by 
the wire, of which the breadth is supposed to be unity : let A 
denote the required height of the fluid, r the radius of the pipe, 
and p the density of the fluid. Then 

9pr 

7. To determine the ratio of the thicknesses of two vertical 
cylindrical vessels containing fluids which are just on the point 
of bursting them. 

If t, t', denote the tenacities of the materials of the two 

vessels, p, p', the densities of the fluids which they contain, 

A, A', the depths of the fluids in the two vessels, rf, d*, the 

diameters of their bases, and E, E'y the thicknesses of the 

vessels, we shall have 

-, ^; phd p'h'd' 

t t 

Bossut : Traiti (T Hydrodt/namique, tom. t. p. 44. 
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CHAPTER X. 



GENERAL EQUATIONS OF THE EQUILIBRIUM OF FLUIDS. 

In the preceding chapters we have been concerned only with 
that class of hydrostatical problems in which gravity is supposed 
to be the sole acting force. We shall devote this chapter to the 
discussion of various problems in which a fluid is considered to 
be subject to the action of any system offerees whatever. 

Let X, y, Zy represent the sum of the components, resolved 
parallel to any system of rectangular axes, of all the accelerating 
forces acting at any point of a fluid : let p represent the unit 
of pressure and p the density at this point. Then the function- 
ality subsisting between the pressure, density, and accelerating 
forces, is expressed by the equation 

dp-p {Xdx + Ydy 4 Zdz), 

or, supposing R to be the resultant of X, Y", Z, and dr to be 

the diagonal of the parallelepiped, of which the three contiguous 

edges are dx, dy, dz, 

dp = pUdr, 

At a free surface or one of equal pressure, dp must evidently 
be zero: hence xdx + Ydy 4 Zdz « 0, 

or Rdr = 0. 

The general problem of the form and circumstances of the 
equilibrium of a fluid acted on by any system of forces, began 
^out the time of Newton to excite great interest in the minds 
of mathematicians, owing to its connection with the particular 
problem of the forms of the earth and the planets, on the 
hypothesis of their original fluidity. Huyghens, in treating on 
this matter, has assumed, as his pnnciple of equilibrium, the 
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perpendicularity of gravity to the surface. Newton* has availed 
himself of the principle of the equilibrium of the central columns 
of the fluid. Bouguerf and Maupertuis have shewn that it 
was necessary to equiUbrium that the principles of Huyghens 
and Newton should coexist. Maclaurin has added a new 
condition^ viz. that any canal formed of two rectilinear branches^ 
commencing at ihe surfaces and terminating at any point what- 
ever in the fluid, be in equilibrium. Clairaut, generalizing the 
conceptions of Newton and Maclaurin, has adopted, as the 
basis of his reasonings on the equilibrium of fluids, these two 
principles. 

(1). Tine masse de fiuide ne saurait itre en ^quHibre, que les 
efforts de toutes les parties qui sont comprises dans un canal 
de figure qtcelc&nque qu^ on imagine traverser la masse entih'e, 
ne se ddtruisent mutuettement. 

(2). Afin qu? une masse de fiuide puisse Hre en ^quUxbre^ 
il faut que les efforts de toutes les parties de fiuide renfermies 
dans un canal quelconque rentrant en lui-mime, se ditruisent 
mutuellement. 

The discovery of the general equation 

dp = p (Xdx + Ydy + Zdz) 

for the pressure at any point of a fluid in equilibrium, under the 
action of any system of forces whatever, is due to Clairaut, 
whose researches on this subject were published in his Th^orie 
de la Figure de la Terre, in the year 1743. 

The fundamental principles of Clairaut were shewn by 
D'Alembert, in his Essai sur la Resistance des JFluides, 
Paris 1752, art. 18, to result as a necessary consequence from 
the principle of Maclaurin. D'AlembertJ observes also that 
Daniel Bernoulli had already laid down substantially the same 
principle in his HydrodynamiquCy section seconde, § 3 p. 18, 
in the following words. "/» aqud stagnante tubus utcumque 
formatus fingi potesty in qtw tUique aqtm situm servabit quern 



* Principia, Lib. in. prop. 19. 

t Memoirea de V Academie de PariSf 1733. 

X Traite des Fhiides, p. 49. 
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anted habuity cum perinde sit, sive aqtm tuho inclusa coerceaiur 
lateribus tubiy ^ive circumstagnante aqud" The formula of 
Clairaut received an elegant demonstration by Euler, who 
conceived the fluid as consisting of an indefinite number of 
indefinitely small parallelopipeds^ and expressed the conditions 
fcr the equilibrium of any one of these elements of the volume : 
this method of demonstration has been adopted in almost all the 
modern treatises on hydrostatics. Euler's investigations on this 
•subject were published in the Mimoires de F Acadimie de Berlin 
for the year 1755. The demonstration of the equation of fluid 
equilibrium has been effected by Lagrange in his Traiti de 
M^canique Analytique without assuming any property of matter 
peculiar to fluids^ which he treated as consisting of an indeflnite 
number of small molecules freely moveable among each other. 
For additional information on the history of the development of 
the science of the equilibrium of fluids, the reader is referred to 
Lagrange's TraiU de M^canique Analytique and to Montucla's 
JSistoire des Mathimatiques, torn. iv. p. 178, &c^ 



Section L 
Incompressible Fluids, 

1. A mass of incompressible fluid is acted on by an attractive 
force varying directly as the distance from a fixed centre: 
to find the form of the surface of the fluid in equilibrium and 
the pressure at any point within it, the surface of the fluid 
being free from pressure. 

Let p be the density of the fluid, p the pressure at any point 
At a distance r from the centre of force; then, taking yx to 
denote the absolute force of attraction, 

dp ^ - fiprdr. 

Integrating, we have 

p^ C-ifipr": 

but, at the surface of the fluid, p = Q; h^nce the equation 
to the surface is q^ iMP^'- 

I 



V 

i 
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The form of the surface is therefore spherical^ the centre 
of force being the centre of the sphere. Let a denote its 
radius; then C=-lfipa\ 

and therefore p = i^fip (a' - r"). 

At the centre of the sphere of fluids 

p = l/ipa\ 

This problem would correspond to the investigation of the 
form of the earth supposed to consist entirely of fluid and to be 
devoid of its motion of rotation. 

Euler : M&moires de VAcad, des Sciences de Berlin, 

1755, p. 258. 

2. A fluid mass, the particles of which attract with a force 
varying inversely as the square of the distance, arranges itself 
in concentric layers about a homogeneous solid sphere, of which 
the molecules attract according to the same law : supposing the 
relation between the pressure and the density to be expressed 
by the equation p ^ np' -^ a, 

n and a being constants, to determine the law of the density. 

The concentric fluid shells, which are external to any particle, 
will exercise no attraction upon it, and those shells which are 
between the particle and the solid sphere will attract it just 
as if they were condensed into an intense particle at the centre 
of the sphere. 

Now, the radius of the solid sphere being denoted by a, 
the mass of the fluid between the solid sphere and a sphere 
of which the radius is r, will be equal to 

jjrdOdr.2Trr sin 0./> 
= 2ir / l pr^ sin drdO 

= 47r I pf^dr. 

Hence, the mass of the solid sphere being M, we shall have 
for the united attraction of the solid sphere, and of a shell 



EQUILIBRIUM OF FLUIDS. 115 

t>'f fluids of which the radii are a, r, upon a particle of fluid 
at a distance r from the centre, 



3 {47rc r pr'dr + c'M] i\\ 



•Cy c', being the absolute forces of attraction of units of mass 
of the fluid and solid respectively, condensed into points. 

But, by the general equation of fluid equilibrium, 

dp = - pJRdr, 

•and therefore, by the condition of the problem, 

2npdp = - pRdr, 

•or 2ndp = - Mdr: 

dr C" 

hence, by (1), 2ndp = {^irc ( pr^dr + cM}, 

or, multiplying both sides of the equation by r", and theia 

difierentiating, 

^ 2 d^p ^ dp ^ 2 ^ 
2nr -— + 4nr -f- + 4rrcpr = 0, 
dr dr 

A being a constant. 

The integral of this equation is 

A sin (hr + c) 



P = 



} 



JL, hy c, being constants; the law of the density is therefore 
determined. 

3. A hollow sphere is filled with a homogeneous gravi- 
tating fluid, and a centre of force, attracting directly as the 
distance, resides in the upper extremity of its vertical diameter : 
to compare the whole normal pressure on the upper and lower 
hemisphere, the pressure at the highest point of the sphere 
being supposed to be zero. 

Let 00' (fig. 31) be the vertical diameter, and O the centre of 
the sphere. Take P any point in the surface of the sphere ; join 
OP, CP : let /.PCO '= 0, OP = r, 00= a. Then, ^ being the 

12 
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absolute force, x the vertical distance of P below 0, and p the 
pressure at P, 

dp = pigdx - firdr), 
p = pigx- lur") =-p(gx- fxax) = p(g - iid)(a -\- a cos 0), 

no constant being added because p = when a; = and r = 0. 
The pressure on the lower hemisphere is equal to 

I add . 27rrt siaO.p = 27ra' I p sin OdO 

= 2ira^p {g - ^a) I (1 + cos ©) sin ddO 

Jo 

= 37ra'p (g - /ua). 
The pressure on the upper hemisphere is equal to 

27ro'/3 (g - fid) I (1 + cos 0) sin flrfO 

= ira^p (g - fid). 
Hence the former pressure is three times as great as the latter. 

Cor. 1. If u = - , we see that « = : the fluid would there- 

a 

fore remain in equilibrium in its spherical form if the spherical 

envelop were removed. 

Cor. 2. If the force were repulsive instead of attractive, 
fi should be replaced by - /u : thus 

P = p(g + /wa), 

and, if /!.= -, the whole normal pressure on the spherical 

envelop would be the same as though the force did not exist 
and the intensity of gravity were doubled. 

4. A mass of fluid is acted on by forces parallel to three 
rectangular axes, which vary respectively, for each particle, 
directly as its perpendicular distance from the planes 

Ix-^ my + nz = 0, mx + m'y + n'z =0, nx + n'y + n"z «= 0, 

where (/, m, w), (m, m\ w'), (w, »', «"), are the direction-cosines 
of the three planes respectively : to determine the form of the 
free surface. 

Since jp = at every point of a free surface, we have 

Xdx 4 Ydy + Zdz =0 (1). 
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Now, x^ y, Zy being the coordinates of any particle of fluid, 
we have, by the conditions of the problem, 

X=/i(&+wy+w«), Y=fi(mx-\-m'y+n'z\ Z=fi(nx+n'y'\'n"z), 
fi being some constant quantity. « 

Hence the differential equation to the free surface will be 

(Ix + my + nz) dx + {mx + m'y -f n'z) dy + {nx + rly + ri'z) dz = 0, 

the integral of which is evidently 

W + wy + n'V + 2nyz + "Inzx + 2mxy = C, 
C being a constant quantity. The free surface is therefore 
a surface of the second order. 

6. A given quantity of an incompressible fluid, each particle 
of which is attracted towards a fixed centre by a force which 
varies as the distance, is separated from it by a given fixed 
plane : to determine the pressure which the fluid exerts upon 
the plane. 

Let r denote the distance of any particle of the fluid from 
the fixed centre of force, and /a the absolute force of attraction. 
Then,/? denoting the pressure at this particle, 

dp = - fip ,rdrj 
whence p = C - Ifipf^y 

or, putting C = \tipa^, 

p=hfip(d'-r'). 

At the free surface of the fluid, jo = 0, and therefore the free 
surface is a sphere, the radius of which is a, its centre being at 
the centre offeree. 

Let $ denote the distance of any point in the fixed plane 
from the centre of the circular section of the sphere made 
by the plane. Then, c denoting the distance of the centre 
of attraction from the fixed plane, the whole pressure of the 
fluid on the plane will be equal to 

\p . 27r5tfo 

= fiirp I (a* - r*) sds 

= fiirp I (a* - c* - 8^) sdsy 
the integration being effected from 8 = to 8°(a^ - c^f. 
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Hence the pressure will be equal to 

l^^^p ilia' - cj - \(a' - oJl 

= {7r/t/» (a' - c'/. 

Let C represent the given volume of the fluid : then, de- 
noting the inclination of any radius of the spherical surface 
to the distance c, 

C= iira^ sin* .d(a cos 6), from cos = - , to cos ft = 1^ 
J a 

= ira^ \(y - cos^ 6) d cos ft 

= Tra' (cos 6 - 4 cos' ft) 

^(2 c 1 c^' 
\3 a 3 a' 

= 7r(§a'-a'c + Jc'): 

the value of a will therefore depend upon the solution of a cubic 
equation. 

6. The annular space contained between two cylinders having 
the same axis, and two planes perpendicular to this axis, i& 
filled with a homogeneous fluid, and is acted on by a system 
of forces such that 

X = - -J , Y = 2~; — 2 > ^ = 0, 

the axis of z being that of the cylinders. If a rigid plane 
or surface of any form be placed in the annular space, so as 
to stop the passage round, to determine the difierence of the 
pressures on the two sides of this surface at any point. 

For equilibrium we have the equation 

dp = p (Xdx + Ydy + Zdz} 

xdy - ydx\ 

^ + y' r 

putting X = r cos 6, y- r sin ft, this equation becomes 

dp =« pdO; 
which shews that dp is equal to a perfect difierential, a con- 



-imilMiriniiMi— ill — — — i i — l—^l" iT^r 
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dition sufficient for the possibility of the equilibrium of the 
fluid. Integrating from 0=0 to © = 27r + 0, and representing 
by p, />", the pressures on the two sides of the interposed 
surface at any point, we have 

p -p = 27rp. 

7. A mass of incompressible fluid is acted on by a central 
force attracting according to the inverse square of the distance : 
to flnd the form of the surface, when the fluid is at rest, and the 
pressure at any point within the fluid ; the surface of the fluid 
being free from pressure. 

The surface will be a sphere concentric with the centre of 
force, and, if the volume of the fluid be such that the radius of 
the sphere is equal to o, we shall have, p denoting the pressure 
at a distance r from the centre, fi the absolute force of attraction 
and p the density of the fluid, 

Euler : Memoires d VAcad. des Sciences de Berlin, 

1755, p. 258. 

8. To determine the fotm of the free surface of a given 
volume of incompressible fluid, each of its particles being acted 
on by a force the components of which, parallel to the axes 
of a system of rectangular coordinates, are 

fix fiy jjLz 
a c 

If F' represent the given volume, the required equation will be 

2 2 2 

-J+TJ+-J-A,, 

a ■ 
A being known from the equation 



X' = 



^irdbc 



9. A mass of incompressible fluid is acted upon by forces 
parallel to three rectangular axes : the force at the point Xy y, z, 
parallel to the axis of x, is equal to A(y + z), those parallel to 
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the axe& of y, z, respectively, being k{z + x), A (^ + y) : to 
determine the equation to the free siirface of the fluid. 

The equation to the surface will be 

yz + zx + zy^c; 

c being a constant quantity. 



Section II. 
Elastic Fluids, 

1. A solid globe is placed centrally in a globular cavity, 
and the space between the surfaces is filled with a mass of 
a known elastic fluid, every particle of which is attracted 
towards the centre of the globe by a force proportional to the 
inverse square of the distance: supposing the fluid to be in 
equilibrium, and the absolute force of attraction to be given, to 
compare its densities at the surface of the globe and the 
boimdary of the cavity. 

Let fti denote the absolute force of attraction, and k the ratio 
of the density to the pressure at each point of the fluid : then 

- dr 

df 

dp =- " kfXp -^ y 

T 

Iogp = C+^. 

Let h represent the density at the surface of the globe, and 
S that at the boundary of the cavity. Then, a, o', denoting the 
radii of the globe and cavity respectively, 

logS = (7+-^, 

a 

a 



i 
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and therefore — = ^ '^Va of) . 

o 

Cor, Let M represent the mass of the fluid : then 



S- 



k/i 



and similarljr ^ = 



47rl e^T^dr 

Ma""' ■ 



which two formxJae, supposing the mass of the fluid to be given, 
determine the absolute values of the densities S and S'r 

2. A fluid is in equilibrium under the action of a force 
attracting towards a fixed centre with an intensity varying 
inversely as the distance : the density being supposed to vary 
as the pressure, to find the density at any point within the fluid. 

Let j» = fikp, and - = the central force : then 

T 

dp =^ - p ^ dr, 
r 

and therefore A — = : 

p r 

hence, a denoting a constant quantity, 

* log /£) = log - , 



* ^ 

P =- 
r 



(^J- 



Let p' and / denote any other corresponding values of p 
and r: 
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1 



then ^'"fjr 



1 



Suppose that r' -cr, c being a constant quantity : then 

a result which shews that, for a series of values of r in geome- 
trical progression, the corresponding series of values of p will 
also be in geometrical progression. 

Newton: Principia, lib. ii. sect. 5, Prop. 21. 

Herman : Phoranamia, p. 202. 

3. A fluid, the density of which is always proportional to the 
pressure, and of which the particles are attracted towards a 
fixed centre with forces varying inversely as the square of the 
distance, is in equilibrium : to determine the density at any 
point of the fluid. 

Let p = kpy and ^ = the central force : then 

dp^-p^dr, 

p IT 

whence log ^ = f , 

c kr 

c being a constant quantity ; or 

p = c^. 

Cob. Let r' be any other distance corresponding to a density 
p' ; and let 111 
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/3 being a constant : then ^ 

P 
or^ if the distances be taken in musical progression^ the cor- 
responding densities of the fluid will be in geometrical pro- 
gression. 

Newton : Prindpia, Ub. ii. sect. 5, Prop. 22. 

Brook Taylor: Methodtis Incrementarum, Prop. 26, p. 103. 

Herman : Phoronomia, p. 202. 

4. A fluid, the density of which at any point varies as the 
»*^ power of the pressure, is attracted by a force tending 
towards a fixed centre and varying according to any law of 
the distance : to determine the density at any point of the fluid. • 

Let p be the density and F the force of attraction at any 
point at a distance x &om the centre of force. Then 

dp ^ - pFdXy 
but, c being some constant quantity, 

P = c"j»% p*" ^cp; 
1 

hence d (/>**) = - cpFdx, 

1 i-> 

- p" dp = - cFdXy 

n 

1 ^-^ r 

or, integrating, p *" = q - clFdx, 

q being an arbitrary constant, the value of which is dependent 
upon the limits of the fluid. 

Yarignon has solved this problem in a slightly difierent 
manner. In fact the pressure of the superincumbent column 
of fluid at any point is equal to 

- \pFdXy 

the limit of the integration being defined by the boundary of 
the fluid. 
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Hence, on the hypothesis that the density varies as the 
n^ power of the weight of the superincumbent column at any 

p" = - clp Fdx ; 
whence, differentiating, 

1 --> 

- p*» dp ^ -- ct> Fdx, 
n 

1 --« 

- p" dp = r c Fdx, 

n 

In!? 

or, integrating, p " = y - c xFdx, 

the same equation as we obtained above. 
CoR. Let « = I, and F= fix; then, putting 

1 

g'' being any constant, we have 

1 , Iz.- . r 

dz 



j-r^(p* '-\)^q' -ficjx 



But, since n » 1, 

Lz!! - I log p. p * 

o = Tr^= -I "^"^^•' 

hence log p = q' - ^fics^. 

Let p' be the density at any distance x' ; then 

log p =q' - Ificx'^ : 

or log ^ = J/iC («** - a^. 

Varignon : M^moires de rAcadSmie des Sciences 

de Paris, 1716, p. 108. 

5. A fluid, the density of which is always proportional to the 
pressure, is acted on by forces tending to a centre and varying 
directly as the distance : to determine the law of the density. 
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Let pf p'y be the densities at distances r, r'^ from the centre : 
then 

2k log ^, = r" - r*, 
P 

which shews that^ if the squares of the distances be taken in 
arithmetical progression, the densities will be in geometrical 
progression. 

Newton: Principta, lib. ii. sect. 5, Prop. 22. Scholium, 
Herman : Phoranomia, p. 202. 

6. A fluid, the density of which is always proportional to the 
pressure, is acted on by gravity considered as invariable at all 
altitudes : to determine the law of the density. 

If g denote the force of gravity, and />, p, the densities at 
altitudes r, r, respectively, 

* log -^ = ii' (r - r), 
P 

which shews that, as the altitudes increase in arithmetical, the 
densities will decrease in geometrical progression. 

Halley : Philosophical Transactions. 
Newton : Prindpia, lib. ii. sect. 5, Prop. 22. Scholium. 
Herman : Phoronomia, p. 202. 

Yarignon: Memoir es de P Academic des Sciences de 

PariSy 1716, p. 118. 

7. The elasticity of the air being supposed to vary as the 

th power of the density, to find the ratio of the altitude 

m 

of the atmosphere above the surface of the earth to the altitude 

of the atmosphere supposed homogeneous, the pressure of the 

atmosphere at the surface of the earth being supposed the same 

in both hypotheses. 

If h represent the altitude of the homogeneous and h' of the 
heterogeneous atmosphere, then, approximately, 

A' = (w + 1) A, 

h being supposed to be small in comparison with the earth's 
radius. 
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Section III. 
EquUibrinm of Revolving Fluids. 

If a volume of fluid, invariable in form, and of which the 
molecules remain at rest in relation to its superficies, revolve 
with a uniform angular velocity g> about a fixed axis under 
the action of any system of forces, each of which is either 
parallel to this axis or tends towai*ds a fixed point within it, 
the relation between the pressure, density, and impressed forces 
will be expressed in rectangular coordinates by the equation 

dp = p (Xdx 4- Ydt/ + Zdz + ©V^fr), 

r representing the distance of any molecule from the axis of 
revolution. 

This formula is given by Clairaut in his ThSorie de la Figure 
de la Terre, p. 101, seconde edition. 

1. An indefinitely thin tube, of which one branch AB (fig. 32) 
is horizontal and the other JBC vertical, turns with a given 
uniform velocity about a vertical axis AD; the portion PBQ 
of the tube is occupied by incompressible fluid, which remains 
in equilibrium during th« motion of the tube: to find the 
relation between the lengths BP and AQ. 

Let p denote the pressure at any point within the fluid 
PBQ; p the density of the fluid, to the angular velocity 
about AD, X the distance of any point of the fluid PBQ 
from ADf y the perpendicular distance of any point in the 
fluid from AB. Then for equilibrium we have 

dp = p {(o^xdx - gdy) ; 

integrating we obtain 

but, at Q, jt? = 0, y = ; hence, putting -4 Q = J, 

= \pio^h^ + C; » 

also, at P, JO = ; hence, denoting AB by a^ and putting 

BP = K we get 

=/> Qft)V -^A)+ C 
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We have therefore 

= \to^{a^-V)'-ghy 






A - ^ " -' 



^9 

Ducret: Essais sur les Machines Hydrauliques, p. 229. 

Paris, 1777. 

2. A solid cylinder floats in a fluid in a cylindrical vessel, 
with its axis vertical and coincident with that of the vessel, 
and the system revolves about the common axis with a given 
angular velocity to : to determine the difierence between the 
altitude of the cylinder under such circumstances and the 
altitude which it would have were the fluid at rest. 

Let ABCD (fig. 33) be the floating cylinder, A'afiB' a 
section of the surface of the fluid made by a plane through the 
axis KL of the hollow cylinder A'D'C'B', Let O be the point 
in which the curve, of which A! a, JB']3, are portions, meets the 
axis KL* Let o) represent the angular velocity, x the altitude 
above O of any point in the free surface of the fluid, and y the 
distance of this point from the axis OL. Then, p denoting 
the density of the fluid, 

dp = pWydy ' gdx)y 

At the free surface p = 0, and therefore 

but this surface passes through 0, hence C = 0, and therefore 
the equation to the generating curve of the free surface will be 

2gx = ©y, 

which is the equation to a parabola. 

Now the volume of a paraboloid of revolution is equal to half 
that of the circumscribing cylinder. Hence, taking V to repre- 
sent the volume of the whole fluid, and B the radius of the 

hollow cylinder, 2 j^ 

TTi? . OiT + ^^^ = F (1). 

4ff 
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Similarly^ J7 representing the volume of the solid oDCjSO, 

but, since the weight of the cylinder must be equal to that 
of the fluid which it displaces, 

hence 7rr\ 0£r + ^^ = — (21 

4^7 9P 
From (1) and (2) we see that 



4ff irJff '^gp 

a result which shews that HK is less by the quantity 



ft)' 



^9 
when 0) has any finite value than when it is equal to zero. 

3<. A cylindrical vessel contains a given mass of air, which 
revolves round its axis with a uniform angular velocity: to 
determine the density at any point, and the whole pressure 
on the curved surface of the cylinder, neglecting the effect 
of gravity. 

Let k denote the ratio of the pressure p at any point of 
the air to the density p at the same pointy o) the angular 
velocity, and r the distance of the point from the axis of the 
cylinder. Then dp^p,^\dr, p = kp, 

and therefore A — «= ©Vrfr, 

P 

Alogjo = 0+ JcdV, 
C being an arbitrary constant. 

Let n denote the pressure at any point in the axis of the 
cylinder ; then A log n = C, 

and consequently k log ^ = jcoV, 



(O 



V 



2k 



ft»V* 



/> = ne'* (1), 

n 



/•'T^'* (2)- 
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Let M represent the mass of the fluid: then, h denoting 
the length and -B the radius of the cylinder. 



M= I 27rrdr.h.p 

J 

rR 

\ I prdr 



2Trh 

27rhn 
k 

27rAn 



'2k 



a>' ^ 



CR 

I rdr.€ 






hence, from (2), p = -^ . -^ 



e^* -1 
which determines the density at any point of the revolving air. 

Also, from (1), giving n its value, and putting r = JB, we get 
for the unit of pressure at the surface of the cylinder, 

6^* -1 

.and therefore the whole pressure on the curved surface of 
the cylinder will be equal to 



27rMp = MRo>' 



ta 



•i? 



6=" -1 

4. To find the form of equilibrium of a fluid of uniform 
density, acted on by an attractive force which varies directly 
as the distance and tends towards a point in a vertical line, about 
which the fluid is revolving with a uniform angular velocity. 

Let X denote the altitude of any particle of the revolving Emi 
above a horizontal plane through the centre of force, y the 
distance of this particle from the axis of revolution, and r from 
the centre of force. Then, <o denoting the angular velocity, 
and fi the absolute force of attraction, 

dp = p ((o^ydy - firdr - ffdx). 
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Integrating we have^ c* denoting a constant quantity, 

^ = Jc* + J^y - ^^t^ - gz 
P 

whence, putting p ^ 0, we obtain for the equation to the 
generating curve of the free surface, 

which is the equation to a conic section. 

6. A paraboloid of revolution, the axis of which is vertical, 
contains a given quantity of incompressible fluid; the fluid 
is revolving with a given angular velocity about the axis of 
the paraboloid : to determine the normal pressure on the whole 
of the concave surface of the paraboloid which is in contact 
with the fluid. 

Let y be the distance of any point of the revolving fluid from 
the axis of the paraboloid, x its distance from a horizontal plane 
touching the paraboloid at its vertex, then for the equilibrium 

we have dp = p (o'yrfy - gdx) ; 

integrating and adding an arbitrary constant, we get 

P-- p(l(oY-gx) + a 

Let a represent the value of x at the point of the free 
surface in which it is intersected by the axis of revolution; 
then, putting x = a, y = 0, jt? = 0, we see that 

= - gpa + C; 
and consequently 

p = p (Joy -gCx-- a)}. 

Putting p-Oy we obtain for the equation to the generating 
curve of the free surface 

toY^2g{x-a) (1), 

which is the equation to a parabola. 

Let the equation to the generating parabola of the vessel be 

y'-lx (2). 
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At the intersection of (1) and (2), x and y' denoting the 

values of x and y, 

(oHx = 2g {x' - a)y 

2g^mn' ^ 2g-wH' 

Now the volume of a paraboloid of revolution is equal to half 
that of the circumscribing cylinder ; hence, the volume of the 
fluid being F", which will be equal to the difference of the 
volumes of two paraboloids, 

V^'^iry'^ {x --{x' -a)} 

_ irgla^ 
- 2g -(D^V 

irgl 
which determines the value of a. 

The whole pressure of the fluid on the vessel will be equal to 

27r I yds.p^2vrp \ yds , {\(o^f - g (x - a)]: 

but, since y' = Ixy it is easily seen that 

yds = r(x ■\-\l^dx; 
hence the required pressure is equal to 

2TrpM dx(x + \ If {ga - (g - I <oH) x}, 

Jo 

Performing the integration and simplifying, we shall obtain 
for the final result the following expression for the whole 
pressure, viz. 

^wpl^ {x +\lf. (Sga + 2gl - ©T) 

6, A hemispherical bowl, filled with fluid of a given density, 
is placed in an inverted position on a horizontal plane, and the 
whole system revolves round a vertical axis passing through the 
centre of the sphere with a given angular velocity: to determine 
the weight of the bowl that it may just prevent the fluid from 

escaping. 

k2 
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Let the axis of the bowl be taken as the axis of Xy and any 
radius of its rim as the axis of y. Let w represent the angular 
velocity of the fluid. Then, 

dp^ p {t^ydy - gdx\ 

P^ p(h^Y -gx)-^ Cy 
C7 being an arbitrary constant. 

Supposing for a moment the bowl not to be full of fluid, we 
shall have for the equation to the free surface 

= p Q ©y - gx) + a 
Let c represent the distance of the intersection of the free sur- 
face with the axis of x from the origin of coordinates : then 

0^-gpc^ C, 
and therefore the unit of pressure at any point is given by the 

equation 

P^pil^y -^giP' x)]. (1), 

and the equation to the free surface will be 

Joy ^gix-c) (2). 

Suppose now the paraboloidal cavity represented by the 
equation (2) to be indefinitely small, which is the same thing 
as supposing the vessel to be just full of fluid : then, r being 
the radius of the interior of the bowl, c = r, and the equation 
(I) is reduced to 

p^p{l<oy + g(r-x)} (3). 

The whole vertical pressure of the fluid on the vessel will be 

equal to f , x 

\2Tryds . - .p, 

or, since yds is equal to rdx, will be equal to 
27r Ipxdx 

= 2irp xdx (J coV -\-gr - gx -I coV), by (3), 

= 2irp (Ja>V + Igr" - \gf^ - 4«V*) 
- ^ TT/or' (3 ©V + 4g). 
Let T^ represent the weight of the vessel: then, since this 
by the nature of the problem must be equal to the total vertical 
pressure which the fluid exerts upon it, we have 

TV = 1*5 irpT^ (3<oV + 4g), 
which determines fF". 
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7. A small tube is so bent as to form three sides of a square. 
Being placed with its extreme branches vertical and half filled 
with fluid, it is made to revolve about a vertical axis passing 
through a given point in the horizontal branch : to compare the 
heights of the two surfaces of the fluid. 

Let X represent the distance of any particle of the fluid from 
the axis of revolution, and y the altitude of the particle above 
the horizontal branch of the tube : then, (o denoting the angular 
velocity, and jt? the pressure at this particle, 

dp = p ((o^xdx - g dy)y 

p=^ p(^ ft) V - ffy) + C, 

C being an arbitrary constant. 

Let A, k, denote the altitudes, above the horizontal branch of 
the tube, of the surfaces of the fluid in the two vertical branches, 
and a, 5, the distances of the axis of revolution from the two 
vertical branches. Then 

= pGa)V-5rA)+ C, 

= pQ(»*4'-^A)+ C, 



and therefore 



to' 



h-k^:^^{a'^b') (1). 

But, the tube being half full of fluid, there is 

A + A = J(« + *) (2)- 

From (1) and (2) we see that 

and therefore ■=- = =-7 r^; . 

k g - (o (a - 0) 

8. Two fluids, which do not mix, are placed in a cylinder 
the axis of which is vertical, and the system is then made to 
revolve with a given angular velocity about its axis : to deter- 
mine the equation to the common surface of the two fluids, the 
radius of the cylinder and the volume of the lower fluid being 
known. 

Let the axis of the cylinder be taken as the axis of x, and 
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a radius of its base as the axis of y. Then we have^ for the 
equilibrium of the upper fluid, p denoting its density, 

dp^ p {ti?ydy - gdx\ 

P = p{Wf-9x)^C. (1). 

Also, for the equilibrium of the lower fluid, p denoting its 
density, p = p{\toY - gx) + C (2). 

At the common surface of the two fluids, the values oi p in 
the equations (1) and (2) must be the same : hence the equation 
to the common surface of the two fluids will be 

(p - p-)Qi<oy-gx)^ a-c. (3). 

Let a denote the distance of the intersection of the surface 
(3) and the axis of x from the origin : then 

-{p-p').ga=C'-C, 
and therefore (3) becomes 

1 ©y = jr (a; - a) (4), 

which shews that the common surface of the two fluids is a para- 
boloid of revolution. 

Let u denote the volume of the lower fluid : then, since the 
volume of a paraboloid of revolution is equal to half that of the 
circumscribing cylinder, 

u = irf^x -\Trr^ {x - a) = \Trf^ {x ^ a), 

the value of x being derived from the equation (4) when r, the 
radius of the cylinder, is substituted for y. Hence 



2>-8 



u = lnr^{ — + 2a 

a = — 5 , 

Trr 4g 



and therefore the equation (4) becomes 

9. A hemisphere with its axis vertical contains a quantity 
of fluid, the volume of which is equal to a quarter of that 
of the hemisphere ; the fluid is revolving with a uniform angular 
velocity and just reaches the rim of the hemisphere : to deter- 
mine the angular velocity of the fluid. 



EQUILIBRIUM OF FLUIDS. 135 

Let centre of the sphere be taken as the origin of coordi- 
nates^ the axis of x being the axis of the hemisphere and that of 
y a radius of the rim. We shall have, for the pressure at any 
point of the revolving fluid, 

C being an arbitrary constant. Let c denote the distance of 
the lowest point of the free surface from the origin of coordi- 
nates : then 

= pgc + C\ 

At the free surface therefore 

The volume of the cavity of the revolving fluid is equal to 

2 2 2 4 

,2 , a ^^ TTCOa 

\ira\c^\Tra . — - =-— -, 

a being the radius of the sphere. 

The volume of the hemisphere is equal to 

Hence, by the condition of the problem, 

— — = J . ^ira , fi) . 

"^g a 

10. A slender horizontal tube, filled with inelastic fluid, is 
placed with one exteemity coinciding with an attractive centre 
of force, the intensity of which varies as the m^ power of the 
distance, about which it revolves with an angular velocity o) : to 
determine the position of that point of the tube at which the 
fluid pressure is theiSAme as at the fixed end. 

If fi denote the absolute force of attraction, and r the distance 
of any point of the tube from the centre of force, 

dp - p {a)Vrfr - fir^dr}, 
n denoting the pressure at the fixed extremity of the tube. 
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If » « n : then \(oV = — ^ r-*\ 

m + 1 



r = < 



fo'Cm+l)"!;;^ 



'}-, 



2/i 
which determines the required distance. 

11. A cylindrical vessel, the axis of which is vertical, is fur- 
nished with a lid which turns round a hinge in its circumference^ 
Supposing it to be just filled with fluid, and made to revolve 
with a given angular velocity round its axis, to find what the 
weight of the lid must be in order that no fluid may escape. 

If X represent the depth of any particle of the fluid below the 
lid, and r its distance &om the axis of the cylinder, then 

dp = p (ft)Vrfr + ffdx), 
p^p(la)Y + gx-\-C). 

Now, supposing the cylinder to be indefinitely nearly full^ 
there will be an indefinitely small free paraboloidal surface, and 
therefore, for indefinitely small simultaneous values of x and y, 
p will be equal to zero : hence, ultimately, when the vessel is 
just fall, (7=0; and therefore 

p = p(la)Y + gx). 
At any point of the lid, a: = 0, and therefore 

p = |pG>V. 

Let denote the inclination of r, at any point of the lid, to 
the line joinipg the hinge and the centre of the lid: then, a 
denoting the radius of the cylinder, the moment of the whole 
pressure of the fluid to turn the lid about the hinge will be 
equal to 

I i lpa>V. rdOdr. (a + r cos 6) 
= JpcoVJ {\ + lcos e)d9 

1 2 5 

= jTrpw a . 

Let W denote the weight of the lid : then, under the con- 
ditions of the problem, 

Wa = jTrpwV, 
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12. A cylindrical vessel partly filled with fluid is attached to 
a weight by a string which passes over a fixed pully : supposing 
the fluid to revolve with a given angular velocity as the vessel 
is ascending or descending, to find the form of the free 
surface. 

Let M denote the sum of the masses of the vessel and fluid, 

and P the mass of the weight. Then the acceleration f of the 

vessel and fluid upwards, supposing P to be greater than M^ 

will be equal to 

P-M 

P + M^' 

Now the fluid is acted on at every point by the force of 
gravity and the centrifugal force arising from its rotation, and, 
at its lower surface, by the pressure of the vessel. But the 
relative state of the fluid and vessel will not be affected if we 
impress upon every molecule of the system JIf 4 P, the same 
accelerating force exactly opposite to its motion. Suppose then 
f to be so impressed upon the system : the vessel being thus 
deprived of acceleration, we may treat it as if it were at rest, 
the fluid which it contains being on the present hypothesis 
acted on at each point by g downwards, y* downwards, and the 
centrifugal force. 

T^T J, P-M 2Pg 

Now g^f^g^--^g^^-y^. 

Hence, for the equilibrium of the fluid, there is 

dp^p \a>'ydy - ^ ^ ^ dxj, 

y denoting the distance of any molecule from the axis of revolu- 
tion, and X iX& altitude above an assigned point in this axis. 
Integrating, we have 

C being a constant. 
At the free surface 

Let the point where the surface of the fluid is intersected by 



138 GENEKAL EQUATIONS OF THE 

the axis of revolution be taken as the origin of coordinates r 
then we have 

which shews that the surface is a paraboloid of revolution, the 
latus rectum of which is equal to 

4P(7 



€o^{p + My 



This result will not be affected if M be greater than P, and 
the vessel accordingly be descending instead of ascending. 

13. A fluid mass revolves about a fixed line, and its particles 
are attracted towards a point in this line with a constant force r 
to determine the form of a surface of equal pressure within the 
fluid, the angular velocity, the constant force, and the radius of 
the section of this surface made by a plane through the centre 
of force at right angles to the axis of revolution, being all sup- 
posed to be known. 

If ft) s= the angular velocity, f^ the attractive force, c = the 
given radius of the section ; then, r denoting the distance of any 
point of the required surface from the centre of force and y 
from the axis of revolution, the equation to the required surface 
of equal pressure will be 

a)'(y»-c')=2/(r-c). 

If b be the value of c at the free surface, the equation to the 
free surface will be 

«>»(y»-J«) = 2/(r-J). 
Bossut: TraiU d* Hydrodynamique^ tom. i. p. 229. 

14. To determine the form of the surface of equal pressure 
and of the free surface, the conditions being the same as in the 
preceding problem, excepting that the central force, instead of 
being constant, varies directly as the distance. 

If fi represent the absolute force of attraction, the equations 
to the free surface and to the surface of equal pressure will be 
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respectively, if we retain the notation of the preceding problem^ 

and c»'(y'-c') = /iA(r'-c'). 

Bossut : Traits cT Hydrodynamique, torn. i. p. 230. 

15. An inverted cone is filled with fluids and made to revolve 
round its axis, which is vertical: to find the quantity spilt as 
the angular velocity increases from to oo . 

If b denote the radius of the base of the cone, and h its 
altitude, then, for an angular velocity ©, the quantity spilt will 
be equal to 

and the cone will be entirely empty, provided that 

16. To determine the greatest angular velocity with which 
a sphere filled with fluid may be whirled round its vertical 
diameter, so as to allow the whole of the fluid to escape by 
a small orifice at its lowest point. 

If r denote the radius of the sphere, g the force of gravity, 
and (o the required angular velocity, 

17. A hemispherical vessel contains fluid which is revolving 
about its axis, which is vertical, with such an angular velocity 
as to bring the fluid just up to the brim, the volume of the fluid 
being equal to half that of the vessel : to determine the whole 
pressure on the surface of the vessel. 

If p denote the density of the fluid and a the radius of the 
vessel, the required pressure will be equal to 

lwgpa\ 

18. A cylindrical vessel of given dimensions containing air, 
revolves about its axis with a given angular velocity : to deter- 
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mine the law of the variation of the pressure from the axis to 
the surface of the cylinder. 

If p denote the pressure at the axis, and p' at any point at 
a distance r from the axis; then, a> representing the angular 
velocity and k a constant quantity, 

p'^p.e'^. 

19. If each particle of a mass of fluid be attracted towards 
a centre of force varying as the distance, and also by a given 
constant force acting in parallel lines ; to And the form of equi- 
librium of the fluid if a motion of rotation be given to it about 
an axis passing through the centre of force and parallel to the 
direction of the constant force. 

Let the centre of force be taken as the origin of coordinates, 
and the axis of revolution as the axis of x ; then, fi denoting the 
absolute force of attraction, y* the constant force, and c a constant 
quantity dependent upon the volume of the fluid, 

will be the equation to a plane section of the free surface 
made by a plane through the axis of revolution. 

20. A hollow vertical prism, just filled with heavy incom- 
pressible fluid, revolves round one edge with a given angular 
velocity : to find the centre of pressure on the base, which is an 
isosceles right-angled triangle with its right-angle at the axis of 
revolution. 

If A = the altitude of the prism, a = either of the equal sides 
of the base, ft) = the angular velocity, and x = the distance of 
the centre of pressure from the axis of revolution, 

- _ 2 ^^^^ ■*■ lO^A 
a>a + 12gh 

21. A cube, filled with fluid and closed, revolves uniformly 
about one of its edges placed in a vertical position : to find the 
pressure upon each face of the cube, the pressure at the highest 
point of the axis of revolution being supposed to be zero, and to 
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determine the tension of a string which connects the adjacent 
€dges of two vertical faces which sustain different pressures, 
and which alone prevents their revolving about their other 
vertical edges. 

Let p = the density of the fluid, « = the angular velocity, 
u - the length of each edge of the cube ; then 

Pressure on the lower of the horizontal faces = g/oa' (a©* + Bg) ; 
Pressure on the higher of the horizontal faces = J/owV; 
Pressure on either of the vertical faces adjacent to the axis of 
revolution = Ipa^ ((o^a + 3^); 

Pressure on either of the vertical faces remote from the axis of 
revolution = Ipa^ (4ft)'a + 3^) ; and 

Tension of the string = ^/)a\58a)V + 120 ©'ay + 72g^f. 



( 142 ) 
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CHAPTER L 

EFFLUX OF FLUIDS FROM VESSELS. 

Section I. 
SmcM Orifices. Incompressible Fluids acted on by Gravity. 

When fluid issues from a vessel in which it is contained 
through a small orifice, the surface of the fluid being supposed 
to be subject to the action of the atmosphere into which the 
efflux takes place, the stream keeps contracting for some dis- 
tance after escaping from the orifice, and afterwards acquires 
a permanent cylindrical form. This thin uniform cylinder of 
fluid is called the vena contracta. The section of the vena con* 
tracta may be considered as about |ths of the actual orifice.* 

Let V represent the velocity and k the area of a section of the 
vena contracta, K the area and V the velocity of the surface 
of the descending fluid, at any time t. Then, x denoting the 
altitude of the surface of the fluid at the time t above the orifice, 
we have for the determination of the motion of the fluid. 



V = 



1-^ 



i 



= {2gxfy approximately. 



k 

j^ being a very small quantity ; and 

VK - vk, 

or kvdt ^ - Kdx. 

The truth of the equation VK = vk depends upon the sup- 
position that the quantity of the fluid in the vessel is not 

* Bossut: Traite eC Hydrod^nanUqm^ Hennie*s Report to the British Asso* 
^)icUion, 1834.. 
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replenished by the influx of fresh fluid. Suppose, however, 
that fluid enters into the vessel with a velocity i?' through a small 
aperture Tz : then, instead of the equation VK= uA, we shall have 

«?* - t?T = VK, 
or (t?A - dK) dt='- Kdx. 

The equation t? = (^gxf expresses the fact that the velocity 
of the issuing fluid is that due to a body falling freely in 
vacuum through a vertical space equal to the depth of the 
oriflce below the surface of the fluid. This law of efflux was 
ascertained experimentally by Torricelli, by whom it was an- 
nounced as the result of observation at the end of a short 
Treatise, De motu gravium naturaliter acceleratoy printed in 
1643. Theoretical explanations of this law, only partially 
satisfactory, were first supplied by Newton,* in the second 
odition of his Principiay which appeared in the year 1714; 
and by Varignon,t in a memoir presented to the Academy of 
Sciences of Paris, in the year 1694. The first satisfactory 
demonstration of Torricelli's law was given by Daniel Bernoulli, 
in the Memoirs of the Academy of St. Petersburgh for the year 
1726, by the application of the principle of the conservation of 
vis viva, which forms the basis of his great work, entitled 
Hydrodynamica seu de mribus et motibus Jluidorum commentariiy 
printed in the year 1738. The principle itself of the conserva- 
tion of vis viva had not at that time, however, been established 
generally : the demonstration of Daniel Bernoulli, although un- 
objectionable in the present state of science, accordingly failed 
to satisfy the minds of the philosophers of his day. Attempts 
were made by Maclaurin and John Bernoulli to obviate the 
uncertainty at that time attaching itself to Daniel Bernoulli's 
explanation by deducing the law of efflux from the fundamental 
principles of mechanics: Maclaurin's demonstration was pub- 
lished in his Treatise of Fluxions (Book i. Chap. 12, Art. 137, 

* In the first edition of the Prificipia, published in the year 1687, Newton 
had concluded the velocity of efflux to be only half the velocity due to the 
depth of the fluid in the vessel : this error arose from his taking the actual 
t)Tifice instead of the vena contracta ; an inaccuracy which he corrected in the 
second edition. 

t See Mem. Acad, Paris, ann. 1703, p. 246. 
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&c.), and that of John Bernoulli, who appears, from a letter 
addressed to him by Euler, to have been in possession of the 
principal part of his theory as early as the year 1726, in his 
Hydraultca, printed after his death, at the end of his Works, in 
the year 1732. The obscurity, however, and want of rigour 
in these researches, especially in that by Maclaurin, who appears 
to have pre-arranged his process in accommodation to the results 
at which he wished to arrive, rendered them of little value. 
The fulfilment of the object which these two mathematicians 
had proposed to themselves was reserved for D' Alembert, who, 
assuming, after Daniel Bernoulli, the hypothesis of parallel 
sections^ deduced the theory of the motion of fluids in vessels 
from his general principle of Dynamics, at the end of his Traite 
de DynamiquBj published in the year 1743, and the year follow- 
ing, with numerous details, in his Traite des Fluides. For 
additional information on the efflux of fluids, the reader is re- 
ferred also to a memoir by Borda in the Mimoires de FAcad^mie 
des Sciences de Paris, for 1766, p. 579. 

A peculiar method of expressing the conditions of the motion 
of fluids, under the most general circumstances, by means of 
equations, without having recourse to any particular hypothesis, 
was discovered by D'Alembert, by the application of his prin- 
ciple of dynamics, in his Essai d*une nouvelle ThSorie sur la 
resistance des Fluides, published in 1752, on the occasion of 
a prize, proposed by the Academy of Berlin, on the Resistance 
of Fluids. It is to Euler, however, advancing beyond the 
first great step taken by D'Alembert, that we are indebted 
for the most general and most simple analytical expression of 
the general motion of fluids, in the form given by Poisson in 
his Traits de MScanique, tom. ii., Livre Sixikme, and other 
modern treatises. His researches on this subject were pub- 
lished in the M&moires de r Academic des Sciences de Berlin, 
for the year 1755. The fundamental equations of hydro- 
dynamics discovered by Euler were afterwards demonstrated by 
Lagrange, by the application of a most refined and elegant 
analysis, in the second volume of his Traite de Mecanique, based 
upon the assumption that a fluid consists of an indefinitely great 
number of small molecules freely moveable among each other. 
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1. A vessel, formed by the revolution of a semi-cubical 
parabola about its axis, which is vertical, is filled with fluid till 
the diameter of the surface is equal to twice its distance from 
the apex : to find the time in which the fluid will be discharged 
through a small hole in the ape£. 

The equation to the semi-cubical parabola is 



;^ 



Hence 





ay^ = x^. 




dx kv 
dt K 


k {2gxy^ 


ka (2gx^ 


dt^-, '^. 


— . . X dXf 





and therefore, the limits of x being a, 0, the required time 
will be equal to 

'- I X dx 



TT 2 J 2 jra 

ya = 



ka{2g)r^ 7kgi' 

9,. To find the time in which an ellipsoid will empty itself 
through a given small aperture at the extremity of one of its 
principal axes, which is vertical. 

Let the equation to the ellipsoid be 



.a 



■the axis of z extending vertically downwards. 

Then, for the determination of the velocity of the descending 
surface, we have 

<fe k {2g(c - g)f* , 

di K ' 

but, writing the equation to the ellipsoid under the form 

^ , y' 



"■('-i) »■('-?• 



= 1, 
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we see that K- wab 



H^- 



hence dt s . mmmm^mm , Ctz 

k(2g)i (c-2)i 

.(c + z)(c - z^. dz. 




and the required time is given by the equation 

- 15k 

3. A vertical cylindrical vessel, filled with a fluid, begins to 
empty itself through a small orifice in its base : the vessel is 
constantly kept full by another fluid entering from above, which 
is kept separate from the lower fluid by a very thin disk: to 
find the time of the efflux of the lower fluid. 

Let h represent the altitude of the cylinder, x the depth of 
the disk below the rim of the vessel after a time t from the 
commencement of the efflux, p the density of the upper, and 
a of the lower fluid, and A the area of a horizontal section of 
the cylinder. Then, the velocity of the efflux at the time t being 
the same as if the orifice were at the bottom of a column of the 
lower fluid of an altitude equal to 
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we have A -—^k {^gf ( h + x \ , 

at \ ^ } 



at = 



whence, integrating from a: = to a: = A, we see that the required 
time is equal to 

2A a *,' p - <7 ^4 

77 — rr . . {h + *- X 

k{2gyi p-<r X ^ 

2Ahh o-i 



k {2gf * /a* + <7i ' 

4. A vertical prismatic vessel empties itself in a certain time 
through a small orifice in its base : to compare the volume of 
the fluid discharged with the volume which would have been 
discharged in the same time, had the surface of the fluid been 
constantly maintained at its original altitude. 

The quantity discharged in the latter case would be double of 
that discharged in the former. 

Bossut: Traits d'Hydrodynamiquey tom. i. p. 261, 

6. To find the time in which a hemisphere, filled with fluid, 
will empty itself through a small orifice in its vertex, the axis 
of the hemisphere being vertical. 

If r denote the radius of the sphere, the time required wiU 
be equal to 

147rr* 



15(2^)iA 

Encycl. Metrop. Mix, Sc. vol. i. p. 204, 

6. To find the time in which a hemisphere, filled with fluid, 
will empty itself through a small orifice in its base, its axis being 
vertical. 

If r denote the radius of the sphere, the time of efflux will 
be equal to | 



5 (2g)^ k ' 
Encych Metrop, Mix, Sc,, vol. i. p. 204. 



l2 
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7. To find the time in which a paraboloid of revolution, full 
of fluid, will empty itself through a small orifice in its vertex, 
the axis of the paraboloid being vertical. 

If h denote the altitude of the vessel and I the latus rectum, 
the time of efflux will be equal to 

2TrW 



3 (2^)4 k 
Encycl. Metrop, Mix. Sc., vol i. p. 205. 

8. To find the time in which the fluid, in a vertical prismatic 
vessel, will discharge itself through a small orifice in its base. 

If a denote the initial depth of the fiuid, and A the area of 
a horizontal section of the prism, the time required will be 
equal to 2Aa^ 

1(2^' 

Bossut: Traits (PHydrodynamique, tom. i. p. 269, 260. 

EncycL Metrop. Mix. Sc., vol. i. p. 204. 

9. To find the time in which the surface of the fluid in 
a conical vessel will subsi4e to half its original altitude above 
the vertex through a small orifice in the vertex, the axis of the 
cone being vertical. 

If h denote the height of the cone and r the radius of its 
base, the required time will be equal to 

wr^AH2^- 1) 
20kg^ 

10. Fluid issues from innumerable holes in the surface of 
a vertical cylinder kept constandy full : to determine the form 
of the bounding surface of the issuing fluid. 

The bounding surface will be a truncated cone, its narrow 
end being the upper end of the cylinder ; and the vertex of the 
entire cone will be in the axis of the cylinder produced upwards, 
at a distance from the upper end of the cylinder equal to its 
radius. 

11. To find the time in which a vessel, formed by the revo- 
lution of a cycloid about its axis, which is vertical, will empty 



ii 
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itself, after being filled with fluid, through a small orifice at its 
vertex. 

If a denote the radius of the generating circle, tjie time of 
efflux will be equal to 

kffi \ 45. 

Moseley's Hydrostatics, p. 154. 

12. To find the time in which the fluid contained in a vessel, 
formed by the revolution of the curve y* = a^x about the axis 
of Xy will descend through any proposed space, the axis of the 
vessel being vertical, supposing a small orifice to be made at the 
vertex. 

If s denote the space through which the fiuid sinks in a time t, 

a 

_ 7ra*5 
z — 



which shews that equal spaces are described in equal times. 

John Bernoulli: Hydraulicce Pars 2, Opera, tom. iv. p. 481. 

Mariotte : Mouv. des Eatix, Part. iii. disc. 3. 

Varignon: Mem. Acad. Par. 1694, 1699. 

Bossut: Traits d^ Hydrodynamique, tom. i. p. 255» V^ 



Section II. 
Small Orifices. Genercd Conditions. 

In the preceding section we have considered the problem of 
the efflux of fiuids through small orifices, supposing gravity to 
be the only acting force and the fluid to issue into the same 
atmosphere with which its surface is in contact. In this section 
we shall consider the problem under a more general point of 
view. 

Let p denote the pressure at any point in the fluid, u the 
velocity of the fluid at this point, X, Y, Z, the components of 
the accelerating force on the molecule of fluid parallel to three 
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fixed rectangular axes. Then, by the equation of steady motion, 
which, the orifice being very small, may be here applied without 
sensible error, 

p = pkxdx + Ydy + Zdz) - \pif -f (7, 

C denoting the constant introduced by the integration. 

If j»', jl' J denote the units of pressure to which the surface of 
the fluid and the issuing fluid are respectively subject; then, 
u being of inconsiderable magnitude at the surface, which is 
supposed to be nearly of the form of equilibrium during the 
whole motion, 

p' = p{{Xdx + Ydy + Zd£)-^C. (1>, 

Xy y, Zy in the integral representing the coordinates of any point 
in the surface of the fluid ; and 

p" = p{{Xdx + Ydy + Zdz) ^\pv^-vC (2), 

Xy y, Zy denoting the coordinates of the orifice, and v the velocity 
of efflux. 

The equation (2) gives v in terms of (7; suppose accordingly 
that, <p (C) denoting a function of C, 

Now, if A denote the volume of the fluid in the vessel at any 

time t, it is plain that 

kvdt = - dA ; 

and, from the equation (1) together with the equation to the 
vessel, we may obtain A in terms of C: let A =f(^C), a func- 
tion of C. Hence, for the determination of the time of efflux 
of any portion of the fluid, 

C^ denoting the value of C, when A has its initial value, and C^ 
the value of C when A has the value corresponding to the state 
of the fluid at the end of the time t. 

If the fluid be revolving about a flxed line, we may consider 
it, as far as the motion of rotation is concerned, as being at rest 
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in regard to three axes fixed in the fluid, provided that the 
centrifugal force be taken into consideration together with the 
other forces to which the fluid is subject, the accelerating forces 
being supposed to act either parallel to the axis of revolution or 
towards fixed points within it. 

1. The fluid in an open vessel, in the form of a paraboloid of 
revolution, revolves round its axis, which is vertical, with such 
an angular velocity that it just reaches the rim : the volume of 
the fluid is such that, if it were at rest, its surface would bisect 
the axis of the paraboloid : to compare the time in which the 
vessel will empty itself into the atmosphere through a small 
orifice at the vertex with the time which would be required if 
the fluid were not rotating. 

Let X represent the altitude of any molecule of the fluid 
above the tangent plane at the vertex, and y its distance from the 
axis of the cylinder. Then, by the equation of steady motion, 

p = pkay'ydy - gdx) - IpU" 

= p aa>y ^ffx)-lpu' + C (1), 

u being the component of the velocity of the fluid molecxde 
which does not depend upon the rotation of the fluid. 

At the surface of the fluid u may evidently be regarded as 
a very small quantity, and therefore, approximately, 

p ^ p(^G>Y - gx) ^ (7, 

p representing in this equation the atmospheric pressure. Let 

z denote the value of x at the lowest point of the free surface 

of the fluid : then 

p^- pgz-^C, 

and therefore oV = 2g{x - z) (2), 

the equation to the free surface of the fluid. 

We proceed now to determine the value of to and the initial 
value of z. Let a denote the length of the axis of the vessel, 
and I the latus rectum of the generating parabola. Then, initially, 
at the curve of intersection of the vessel and the surface of the 
fluid, ft>% =^2g(a- z). 
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Also, observing that the volume of a paraboloid of revolution ia 
equal to half that of the circumscribing cylinder, we see that the 
initial volume of the fluid is equal to 

lir .la .a - lir .la . 



'la 



^9 
hirla' 



i-t)- 



but, by the hypothesis, the volume is also equal to 

2 2 2® 
hence I irla^ I 1 j = Jw/a', 

The equation to the free surface of the fluid will accordingly be^ 
at any time during the motion. 

Again, at the beginning of the motion, putting a, la, for x, y% 

respectively, we have 

la = ^l (a - z), 

and therefore 3a = 4a - 4«, z -\ a. 

At the curve of intersection of the free surface of the fluid and 
the vessel, at any instant of the motion, there is 

Ix = ^l (x - z), 

$x = 4x - 4z, X == 4z, X - z = Sz. 

Hence, A denoting the volume of the fluid in the vessel at this 
instant, and x representing 4z^ 

A -\Tr .Ix .X -\^Tr .Ix.Zz 
^l7rl.4z.(4z - Sz) = 2'irls?. 
But, V representing the velocity of the issuing fluid, it is plain 
that kvdt = - dA, 

and therefore dt= r- . — (3). 

& V 



\ 

1 
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But, from {l),p denoting the atmospheric pressure, there is, at 
the surface, U* being neglected as small, 

or, by (2), p ^ ^ pgz + C: 

and, V denoting the velocity of efflux, we have, putting a; = 0, 

from the two last equations we see that 

v^=2gz. 

Hence, putting the value of v here given in the equation (3), 

47rZ . zdz 



dt^^ 



h \2gz^ 



k{2gf 

and therefore, integrating from z ^\a to z =^ 0, we obtain for the 
whole time T of efflux, 

^* k{2g)^'^ " Zk (2^)i ' ¥ 

irla 



3* C2(7> • 

Again, the time T of efflux, when the fluid is devoid of rotation^ 
is equal to 



irlzdz 



2^1 I 27rZ a* 



. z = 



3A(2^;4 3A(2^)4' VS 

" 3AV2 (2g)k ' 
Hence — ^^^ = V2, 

which is the required relation, 

2. A given quantity of fluid in a vertical cylinder revolves 
about the axis of the cylinder with a given angular velocity in 
a form of equilibrium : supposing a small orifice to be made in 
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ft 

the side of the vessel, to determine the interval which will elapse 
before the lowest point of the revolving fluid descends to the 
level of the orifice. 

Let X denote the altitude of any molecule of the fluid above 
the orifice, and y the distance of this molecule from the axis of 
the cylinder. Then, u denoting the component of the velocity 
of this molecule which is not due to the rotation, and o) the 
angular velocity of the revolution of the fluid, 

JO = p (J c»y - jra;) - Jpw' + C. (1). 

At the surface, u may be regarded as of inconsiderable mag- 
nitude, and accordingly, IT denoting the atmospheric pressure. 

If z be the value of x at the lowest point of the surface of the 
fluid after any time t from the commencement of the efflux, 

n = -pgz+ a (2), 

and therefore we have for the equation to the generating para- 
bola of the surface of the fluid, 

y' = ^,(^-^) (3). 

If t? denote the velocity of the issuing fluid, we have, by (1), 
a denoting the radius of the cylinder, 

and consequently, by (2), 

©' = ©V + 2gz. (4). 

If A denote the volume of the fluid in the vessel at the time t, 
above the horizontal plane through the orifice, then, observing 
that the volume of a paraboloid of revolution is equal to half 
that of its circumscribing cylinder, 

A = ira^x' - ^ ira* . (x' - z) 

= ira^z + I ira^ (x - z), 
X denoting the value of x in the equation (3) when y = a ; . and 
therefore, by (3), 

A = iraz + -. (5). 

"^9 
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But it is evident that 

hodt = - dA ; 

hence, by (4) and (5), 

,^ TTa* dz 

at = - 



k \a)V+2gzy 

and accordingly, z denoting the initial value of z, the required 
time will be equal to 

dz 



ira r { 



■¥2gzy 



= -5—- {((»V + 2gz') - foa). 
kg 

Let h denote the length of the portion of the cylinder of which 
the volume is equal to that of the initial quantity of the fluid. 

Then, from (5), , , cdV 
^ ^ h = z -\- ; 

and therefore the expression for the required time is equal to 

"^ {{2gh + I oy^a^ - coa}. 
kg 

Moseley's Hydrostatics, p. 154. 

3. To find the time in which a vertical prismatic vessel, full 
of fluid, will empty itself through a small orifice in its base into 
a vacuum, its upper surface being exposed to the pressure of 
the atmosphere. 

Let K represent the area of a transverse section of the vessel, 
k the altitude of the vessel, and h' the altitude of a column of the 
fluid the weight of which is equal to the atmospheric pressure 
on an area equal to the base of the column. 

Then, x denoting the altitude of any horizontal section of the 
fluid after any time t above the base of the vessel, and u the 
velocity of the section, we have 

jt? = - plgdx - 5 pu^ + C 

= - gpx - I pw^ + C. 

Hence, F' denoting the velocity at the surface, we have, putting 
p = gph!y and taking x to represent the depth of the fluid, 

gpK = - gpx - J p F* 4 C : 
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at the orifice, v representing the velocity of the issuing fluid, 

=^ - 1 pt>' + C. 

From the last two equations 

or, neglecting V^ in comparison with t?, 

f> = {2gf.{x^hy. 

dt 
hence dx A ,^ ., . ,,.i 



i\l f 



k (2gy^ • (x + hy 
and therefore the whole time of efflux will be equal to 

K 



r dx 



* (2i7>J /^ + A'> 



2K 



. {(A + hy - A'*}. 



4(2(7)4 
Encyd. Metrop. Mix. Sc., vol. i. p. 205. 



Section III. 
Finite Horizontcd Orifices, Uniform Motion, 

If a vessel, with a finite horizontal aperture, be continually 
supplied with fluid, so tl^at its surface remains stationary, the 
velocity of the fluid will be constantly the same at each point of 
the vessel, and, accordingly, the equation of steady motion will 
be applicable. 

1. Fluid is supplied with a given uniform velocity to a vessel 
in the form of a truncated paraboloid with its axis vertical : to 
determine the position of the surface of the fluid that it may 
remain stationary. 



i 
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If a denote the distance of the aperture, and x of the smface, 
from the vertex of the paraboloid, /the volume of the influx of 
fluid in a unit of time, and / the latus rectum, 

a: = 7 + (t* + 2ay^, 

where / ' 



Moseley*s Hydrostatics , p. 165. 

2. To determine where a semi-ellipsoidal vessel must be 
truncated by a horizontal plane parallel to the area of its rim, 
a principal section of tiie ellipsoid, that, the vessel being kept 
constantly full, the efflux in a given time may be the greatest 
possible. 

If c denote the vertical semi-axis of the ellipsoid, and z the 
distance of the required section from the plane of the rim of 
the vessel ; ^4 _ ^^2^2 _ gc* = 0. 

Moseley's Hydrostatics, p. 165. 

3. To determine, under the circumstances of the preceding 
problem, the position of the section that the velocity of efflux 
may be the greatest possible. 

The v^ue of z is given by the equation 

Moseley's Hydrostatics, "p. 166. 



Section IV. 

Finite VerHcal Orifices. Uniform Motion. 

Suppose a vessel, in a side of which there is a vertical 
aperture of finite dimensions, to be supplied with fluid at such 
a rate that its surface may remain stationary. Let X represei;t 
the area of an element of the aperture, t? the velocity of the 
fluid issuing through this element, K the area of the surface. 
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and V the velocity of the molecules of fluid at the surface. 
Then, the influx being, by the condition of the problem, equal 
to the efflux, we shall have 

irr=s(t?X). 

Also, X denoting the depth of the elemental ai-ea X below 
the surface, t?" = F* + 2gx. 

The expression KV represents the volume of the influx in 
a unit of time. From the two equations here laid down the 
rate of influx may be ascertained when the position of the 
surface is assigned, or the converse. The truth of the latter 
of the two equations depends upon the supposition that the 
motion is steady, a condition which is secured by supposing 
the influx to be sufficient to keep the surface stationary. 

1. To determine the quantity of fluid which will escape 
in a given time through a rectangular vertical orifice LMNO, 
in the side of a vessel ABCD kept full of the fluid, the 
magnitude of the aperture, although finite, being inconsider- 
able in comparison with a horizontal section of the vessel. 

Let A, h'y (fig. 34) represent the depths of LO, MN, re- 
spectively, below the surface AD of the fluid, and a the breadth 
ZO of the aperture. Also let x denote the depth of a hori- 
zontal line mn in the aperture, below AD. Then, V being, 
by the nature of the problem, inconsiderable in comparison 
with c, the whole efflux in a time t will be equal to 

nvdt.adx 
= a(2gy I / s^dtdx 

^\a{^j^Qi^-jt)dt 

Bossut: Traits d^ Hydrodynamique^ tom. i. p. 267. 
EncycL Metrop,, Mix, Sc, vol. i. p. 206. 
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2. To determine the quantity of fluid which will escape in 
a given time through a circular vertical aperture in a vessel 
kept constantly fall, the size of the aperture being small when 
compared with the surface of the fluid. 

Let r denote the radius of the aperture, nr the depth of 
the centre of the aperture below the surface of the fluid, the 
inclination of any radius of the aperture to the radius which 
extends vertically upwards. Then, the area of a strip of the 
circular aperture included between two consecutive double 
horizontal ordinates, the length and depth of the higher being 
2y and z respectively, will be equal to 

2t/dx = - 2r sin 0d(r cos 0) 
= 2r'sin'0rf(9: 

also the velocity of efflux through the strip will be equal to 

(2gx)^ = (2^)4 (nr - r cos Of. 

Hence the quantity of fluid which escapes in a time t will 
be equal to 

2 i2ngf r^tj'sm' fl - ^V dO 



= 2 {2ngf r* t j sin' 



e 1-- 



1 COS 1.1 cos'© 1.1.8 cos' 



n K2 ' 2'»» 1.2.3 ' 2V 
1.1.3.5 cos*0 \ 



Now 



fsin' cos" 0d0 = '(- -i- sin cos"^^ 0] + -^ [ cos"*' dO 
Jo X n+1 J « + lJo 

— fcos" e (1 - sin' 0) d0 

=— r 

n + 2J0 



cos~ 0d0 



1.3.5,... (n-1)^^^ ifnbeeven: 
2.4.6. ... n w + 2 

0, if » be odd. 
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Hence the quantity of efflux is equal to 
2(^2ng)rt^^ IT^ ' 2V 2 ' i ~ 1.2.3.4 ' 2V ' 2I ' 6 '•7 

= IT {2ngjr^t . (l - — - _!-_ _ \ . 
^ ^^ \ 32n' 1024»* J 

Bossut: Traiti d^ Hydrodynamique, torn. i. p. 274. 

8. A reservoir, kept constantly full, has two triangles, of 
which the bases are horizontal, cut in its side, the one having 
its base and the other its vertex upwards: the bases and 
altitudes of the triangles are equal, and the depth of the base 
of the former is equal to that of the vertex of the latter: to 
compare the quantity of fluid discharged by the apertures in 
the same time, supposing their areas to be small in compai'ison 
with the surface of the fluid. 

If A, h'y be the depths of the highest and lowest part of 
either triangle, and c the length of the base of either, the 
volume discharged in the time t by the former triangle will 
be equal to , 

and by the latter to 

the ratio between the two volumes being therefore equal to 

2A* + 3A'* - 6M* 

a , 

2A'* + 3A* - 5A'A* 

Bossut: Traits d' Hydrodynamique, tom. i. p. 271* 
EncycL Metrop., Mix. Sc,, vol. i. p. 206. 

4. There is a vertical rectangular aperture, with two sides 
vertical, in the side of a vessel containing fluid, of which the 
surface is kept stationaiy: to determine the relation between 
the velocity of influx and the elements of position and mag^ 
nitude of the aperture, the aperture not being small compared 
with the surface of the fluid. 
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If a denote tbe length of a horizontal and & of a vertical side 
of the rectangle^ and c the depth of its highest side^ then 

^ [{ F* + ig (c + i)}^ - ( r' + 2gch - KV. 

Moseley's HydrostaticSj p. 167. 

5- A circular vertical aperture is made in the side of a vessel 
containing fluids the surface of which is kept constantly at 
the ^titude of the highest point of the aperture : to determine 
the volume of efflux in a given time, the area of the aperture, 
although finite, being small compared with the surface of the 
fluid. 

If r denote the radius of the aperture, the volume of the fluid 
which escapes in a time t is equal to 

Bossut: Traits d^ Hydrodt/namique, torn. i. p. 276, 



Section V. 
Finite Horizontal Apertures of any maynittide. Variable Motion. 

Let X denote the depth of the surface of the fluid at the 
end of any time t from the commencement of the motion below 
a fixed horizontal plane, z the depth of any section of the fluid, 
and c the depth of the orifice. Let K denote the area of the 
surface at the time ty Z the area of the horizontal section at the 
depth z, and & the area of the orifice. 

Then, by the general equation of fluid motion, ds denoting 

the element of the path described by any molecule of fluid 

dz 
at the depth z below the fixed plane, g -y the component 

ds 

of gravity along ds, p representing the pressure at the molecule 

and u its velocity, 

du du ^ dz I dp 

dt ds ds p ds' 

M 
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or^ adopting the hypothesis of parallel sections, in which it 
is supposed^ as approximately true^ that the molecules of the 
fluid all descend vertically^ and that each horizontal slice of 
the fluid subsides into the position before occupied by the 
slice next lower, we have, putting dz instead of ds, and 
taking u to represent the velocity of any point whatever in 
the horizontal section Z, 

du du I dp /^. 

dt dz : p dz ^ ^ 

Now from the hypothesis of parallel sections it follows that, 
V being the velocity of the issuing fluid, 

kv^Zu (2), 

du 
and therefore, — denoting the partial diflerential coefficient 

at 

of u on the hypothesis that t varies while z remains constant, 

we have ^^ /7,/ 



From (1) and (3) we obtain 

dv I du _ ^ I dp 

P 



k — — \- u — ^ g — — , 
dt Z dz p dz 



dfi 
and therefore, by integration, observing that --=- is independent 

at 

of z, which is merely an arbitrary quantity in regard to the 

efflux, we have 

, dv Cdz . ^ 1 

Let p' denote the unit of pressure at the surface : then, V 
denoting the velocity of the particles of the surface, 

and therefore, since Zu and KV are each of them equal to At?, 
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Again^ since v and x are both functions of a single variable t, 

dv _dv dx xr ^^ _ A dv ^ 
dt dx dt dx K dx 
hence our equation may be transformed into the following, 

i(,-rt.,(.-«,-|.|£|.Jw(l,-i,)...(6> 
\j&tjl' denote the value of/) at the orifice : then, from (6), 

From the equation (7), which is linear in regard to t?', v may 
be obtained in terms of x, and then, &om the equation 

or jBT — - = kv, 

dt 

dx 
x and —- or F' may be obtained in terms of t. The equa- 
tion (6), V and x having been accordingly expressed in terms of 
ty will give p in terms of z and t. The equation (2), v being 
known in terms of t, will give u in terms of z and t 

1. To investigate the rate of efflux from a vessel through 
a horizontal aperture when the surface of the contained fluid 
is maintained at a constant altitude by the perpetual super- 
position of fresh fluid, the aperture being not greater than 
the surface of the fluid. 

Putting jt>" for J9, and c for z, in the equation (5), we have 

Hence, X and /u being constant quantities, 

dv + XV rf^ = ij?dt, 




m2 
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log 



2X/* U 

A 2\fJLt 



^ « 

x"'' 



= € , 



/A € '^ - 1 



As t increases without limits the expression 



e^"' + 1 



ultimately becomes equal to unity> and therefore ultimately 









But X' = r-T , 

dz 



and /*' « 



jr(c-a:)+-(i>'-/>") 

r_ . 









hence ^' = r* = j^ * 

X' - A; 

which gives the value of v when the motion becomes steady. 

Bossut: T\'aite d^ Hydrodynamiquey tom. i., p. 286. 

2. Under the circumstances of the preceding problem, to 
determine the pressure at any point in the fluid at any instant 
of the motion. 
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In order to obtain the expression for j», we must sub- 
stitute the value of v, viz. 

fJk € '^ -1 



\ 2\fit 

in the formula 

Now, performing the operation of differentiation, we shall get 

dv_ V€^^^^ 

Hence -(p-p') 
P 

which determines the value of p. 

When ^ ~ 00 , that is, when the motion becomes steady^ 

2Xfa 2Xnt . 



= 0, -^tt; = 1, 



and therefore 

8. To determine the velocity of efflux from a horizontal 
aperture of any magnitude in the base of a vertical cylinder 
containing fluid, the surface of the fluid and the aperture being 
both exposed to the atmosphere* 

Since p' = />", we have, from the equation (7), 
In this problem Z is equal to £, and therefore 
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or, putting S? ^ m1(?y 

2vdv + (m - 1) = 2mgdx, 

c - X 

d (Pv^) = 2mgPdz, 

where P = e <'- '^ = e^o*^*'-^'"" = (c - a:/- : 

hence (c - x)^'"^ t?' = 2mg I (c '- a:)*""* dx 

m — 2 
C being an arbitrary constant^ 

or V* = -^^^ (c - a:) + C(c - a;)-"\ 

171—2 

Let the origin of a; be so chosen that x and r may be zero 
simultaneously: then 

m- 2 

and therefore for the velocity of efflux there is 

^ = J^ {c - a; - c»-- (c - a^r^}. 
m - 2 "^ ^ '^ -* 

If Jf = 2F, or m = 2, i?' assumes the indeterminate form - . 



In this case, adopting the ordinary method for the evaluation of 

vanishing fractions, we have 

C^X-c'^'^(C'Xy^' _^ l0gC.(?-^.{c-Xy^'--l0g(C'X).(^'^.{c^Xy''^ 

m-2 1 

= log c . (c - a:) - log (c - x).(c - x) 

c 



= (c - a?) log 

c; — ;c 

C 



9 

C " X 



and therefore t?* = 4g (e - x) log 



c - X 
Bossut: Tratti d* HydrodynamiqiMy torn. i. p. 291 — 293. 
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4. Under the circumstances of the preceding problem, to 
determine the pressure at any point of the fluid corresponding 
to any position of the surface of the fluid. 

The general formula for the pressure is 

1 . ,. . . li' dv C*dz ,,22/1 1 \ 

or, putting Z= Ky 

But, unless JS? = 2A?, we have 

m- 2 ^ ^ "^ -' 

dx m-2^^ ^ ^ ^ ^ 

Hence, remembering that K^- mJ^y 

-(p-p')^ff(z -x)- ^ {(m - l)c'-(c - xy^ - 1} (z^x) 

which determines the pressure at any depth within the fluid 
when the surface is in any assignable position. 

If JP = 2k\ or m = 2, then 

t?'=4f|r(c-ir)log— i-, 

and v^ = 2g{l^log'-^y. 

1 / c — x\ 
hence - (^ -/) = ^ (j? - a?) - 5^ ( 1 + log j (^^ - x). 
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Section VI. 

Small Finite VerHoaH Apertures. Vari<Me Motion.* 

If fluid be not supplied to the vessel, the velocity of the effiux 
win vary with the variation of the altitude of the fluid. The 
method of determining the rate of efflux in problems of this class 
depends upon the supposition that the surface may be regarded 
as stationary, and accordingly the motion as steady for each 
small element of time^ the aperture being small in comparison 
with the surface of the fluid, although so large that all its points 
cannot be considered to be at the same depth. 

Ex. 1. To determine in what time the surface of the fluid in 
a vertical prismatic vessel will be depressed through a given 
space by the efflux of the fluid through a vertical rectangular 
aperture having two of its sides horizontal, the magnitude of the 
aperture being small in comparison with the surface. 

Let K denote the area of a horizontal section of the prism,. 
z the depth of the surface of the fluid below its initial position 
after a time t, h the depth of the upper, h' of the lower side of 
the aperture, and x of any point in the aperture, below the 
initial position of the surface ; h the length of a horizontal side 
of the aperture. 

Then ^ S " /*" ^"^^^ * ^^ 



and therefore, c denoting the given depth of the depression of 
the surface of the fluid. 



t^ 



' f" dz 

2i2g)^B\h:-zj -{h-zj 

sK fc^^(h'^zy-^{h-^zi 



i 



ZK [', (h- zj + (A' - zf 






dz 



2{2g)H{K^h)Jo A*+ AA'+ A'*- 3 (A + A')« + 3^' 

* D'Alembert : Traite des flmdeSf p. ttS. OpuaaUes Mathematiques^ torn, u 
pp. 169, 160. 
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The eyaluation of the two integrals 

r« (A - zy dz 

J,A'+AA' + A"-3(A + A')« + 3«' ' 

{K-zjdz 



I 



\V-vhJi-v A" - 3 (A + A') « + 32:» ' 

by substituting y' for A - « in the former, and y^ for A' - ;? in the 
latter, may be reduced to the integration of rational fractions, 
and may be effected without difficulty by the common rules. 

Bossut: Train ^HydrodynamiquBy tom. i. p. 279. 
Encych Metrop, Mix. Sc., vol. i. p. 207. 



Section VII. 
Motion of Fluids through a system of communieating vessels, 

1. Three open vessels, ABCD, FCEO, HELK (fig. 36), 
communicate with each other by small apertures (7, Ey near the 
horizontal plane of their bases, and the fluid escapes into the air 
through the small aperture L in the last of them : to determine 
the velocities of the fluid at the three apertures, when the motion 
has become steady, the surfaces JiDy FG\ H!K\ being con- 
stantly sustained at the same altitudes by the influx of fluid 
into the vessel ABCD. 

Let AB = A, DF' = Xy G'H' = x'y K'L = x" : let A, A', A", 
represent the orifices (7, E, £, and Q the volume of the fluid 
which escapes through £ in a time t Also let t?, f ', «", denote 
the velocities at the three orifices. 

Now the velocity of the fluid at C is due to the difference of 
the altitudes of the fluids in the two vessels ABCDy FCEOy 
since the fluid CFO'E may be regarded as producing equi- 
librium with the portion of the fluid A'BCDy which is of the 
same altitude above the base BC. 

Hence v - (2gx)^y 

and simUarly v' = (2yx'fy v" = {^alj. 
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The fluid which passes through the three orifices in a time t 
will be equal to 

(2gxf.My {2gx')Kk% (2gx"f.k"t 

Since these must be all equals we have 

a^k = xW = x"^k". 

But X + x' + x" = h: 

h 



hence Jex = AV = A'V = 



1 1 ±' 



and, accordingly, 



ho = AV = * V = 






which equations determine the velocities. 
Also, for the volume of efflux in any time, we have 



Q = t?A;^ = 



\gU 



i 1 JL 



Bossut: Traitk d* Hydrodynamique^ tom. i. p. 32S. 

2. The two vertical prismatic vessels ^5 CD, FCEOi(&g. 36) 
communicate together by the small orifice C, and the latter dis- 
charges fluid through a small orifice at E, while the former is 
kept constantly full : to determine the position of the surface of 
the fluid in FCEO at the end of any proposed time. 

Let NO be the position of the surface in the vessel FCEO 
after a time t: let CD = A, DN = x, C= the area of the orifice 
at C7, £ » that of the orifice a.t E, A = the area of a horizontal 
section of FCEG. 

Then, - dx denoting the elevation of NO in a time di, 

- Adx = C(2gxfdt - E{2g {h - x)}^. dt, 

A dx 



dt = 



(2g^ • E{h - a:)4 - CW • 
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Putting a; = ^ , 

n 

and E(V --y^^ -• Oy ^ Ez, 

this equation will be transformed into the following one^ 

jm. Tkjrj Nzdz Qdz 

at = Maz + -— s sri + 



-9f, N, P, Q, representing constant quantities ; hence 

< = i!fe-iV(P'-;0*-|log{i + (^-;^J} + con8t. 

This equation establishes the relation between the position 
of the surface and the time. 

Bossut: IVaitS (THydrodt/namique, tom. i. p. 330. 

8. A vertical prismatic vessel FCEG, (fig. 37) supposed to 
be uniformly supplied with fluid, discharges a portion of the 
supply through a small aperture at E: to determine the time in 
which the surface of the fluid will rise to any proposed altitude. 

Let C denote the volume of the fluid supplied to the vessel 
in a unit of time ; and k the area of the effective orifice at E. 
Then, x denoting the altitude NC of the fluid, and JTthe area 
of a horizontal section of the vessel, 

Kdx = Cdt - k(2gxf dt, 

dt^K ^ , 

or, putting x = y', 

dt 2K y^y 

^^ 2K_ C-.(2gyky 
{2gyk' C - (2gy^ky ^ 

2CK dy 



(2g)ik' C-(2gyiky' 
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Let ar - «, wHen ^ = : then 

Bossut : TraUe d^ Hydrodynamtque, torn. i. p. 333. 

4. The vessel ABCD (fig. 38)^ supposed to be prismatic and 
vertical^ has a small orifice G in its base^ and is divided into 
two compartments by a horizontal diaphragm EF in which 
there is a small orifice Hi supposing the vessel to be kept con- 
stantly full of fluid at the level AD^ while efflux takes place 
through the two orifices ; to determine the circumstances of the 
rate of discharge at jETand 0» 

Let k^y k^f represent the orifices at H, O: let AB = hy 
AE- ajj, EB = a;,; t?^ = the velocity at JET, t?, = the velocity 
at O. 

If the efflux through G exceed that through Sy the fluids in 
the two compartments of the vessel will separate from each 
other, a vacuum being thus created between the diaphragm and 
the surface of the fluid in the lower vessel. Under these cir- 
cumstances^ both compartments being filled^ we shall have 
initially^ IT denoting the atmospheric pressure, and p the density 
of the fiuid. 



V* = 2gx^ -f 


2n 

P ' 


«> 


2ffx, 


2n 

9 
P 




*,' (^^9^1 + 


2n\ 
p)' 


kx 




W 


2n 
p 



and therefore, since k^v^ is supposed to be less than i,t?j, 

this inequality expresses the condition that the fluid in the two 
compartments may separate. 

We will however suppose that the condition for the separation 
of the fluid into two parts does not hold. In this case,/> denoting 
the pressure at Hy and y the depth of any point in the upper 
compartment below AD, 

p^n^gpj^ dy-\pv^ 
^gpx^-\pv^: 
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and, z denoting the depth of any point in the lower compart- 
ment below EFy 

Adding together these two equations, we obtain 

c ,' + f?,' = 2ff (a?, + ^iTj) = 2gh. 

Since the efflux through the two orifices must be the same, 
we have also j^^ ^ j^^^ 

hence 
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Bossut: TVaeVe ^ Hydrodynamique, tom. i. p. 341. 

5. A vertical prismatic vessel ACKB, (fig. 39) which com- 
municates with a tube KL, closed on all sides, except at the 
point jD, where there is a small orifice, is traversed by several 
horizontal diaphragms JEF, OP, VH, in which small orifices 
6y My JV, are pierced : to find the time in which the surface of 
the fluid will descend from AB to the level 2X, the vessel dis- 
charging fluid through the orifice D without receiving any 
fresh supply. The fluids in the several compartments are sup- 
posed not to detach themselves from each other. 

Let BF^ z^y FP = a;,, PH= x^y HT^ x^\ let \y \y \y k^ 
denote the areas of the orifices at G, My JV, Z>, and ©,, tJ^, tJj, t?^, 
the velocities of the fluid through these orifices at a time ty ab 
being the position of the surface of the fluid at this time. Let 
bF= y, ; let 11 denote the atmospheric pressure, and^j,/?^,/?^, 
the pressures at Gy My N. Then 

Pi-^ = 9PVi-lp^^ 

P2-Pi'=9P^2'hp^2y 

Pz-Pi^ffP^z-hp^zy 
Tl'p^^gpx,-\pv;y 
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and consequently 

= s' (yi + ^2 + ^3 + ^4) - K^i' + K + V + ^i)f 

v^ + v^ + t?3* + f>/ --2g(y^-\rX^ + x^'¥x^ (1). 

Also^ the efflux through all the orifices being equal in equal 

times, ^^^^^A^^^^A^^^ = A,t?, = X (2), 

X denoting the efflux in a unit of time due to these velocities. 
From (1) and (2) 

1 1 1 1 2c^, x 

and therefore, from (2), 

2g 

W = (yi + «2 + ^3 + ^4) • ^ — 'J-^ f 

where n^ = - ^ " - . 

/Cj /Cj /IC3 /c^ 

Hence, K denoting the area of a horizontal section of the vessel, 

'$-*.--» .<».-.-.-^'- 



dt = 



^1 Cyi + ^2 + ^3+^4)*' 
and therefore the time in descending from AB to EF is 

/,. denoting a?r + ^^^^ + . . . . + ii^^. 

Similarly, 2^ representing the time through FP, T^ that 
through PHy and T^ that through jBTT, and n^ denoting 

_L _i_ J: 

T2 + Z.2 +....+ T-2 * 

we have T, = ^ (/,» -/,*), 

^2 



EFFLUX OF FLUIDS FROM VESSELS. 175 

Hence the whole time required is equal to 

2 JST i "" + " J^ J. « /3 '^ Ji . J±. I ^ 

I ^1 «2 ^3 ^i) 

Bossut : Traite d^Hydrodynamique, torn. i. p. 345. 

6. The circumstaDces remaining the same as in the preceding 
problem, excepting that the densities of the fluids are different 
in the several compartments, to determine the velocities at the 
several orifices at any moment of time. The interval which 
has elapsed from the commencement of the motion is supposed 
not to be so great as to allow the densities of the fluids to be 
sensibly deranged by commixture. 

Instead of the equations connecting the pressures and velo- 
cities given in the preceding problem we shall have, /Oj, p^y Pgv 
being the densities of the fluids in order, beginning jfrom the 
highest, p^^n^gp,y,~-lp,v:, 

Pz-P2^9Pz^z-\Pz^zy 

^-Pz^SiPi^i-hPi^il 
and therefore 

Pl^l + P2^2 + PS^/ + Pi^i = ^9 (plVi + P2^2 + Ps^a + Pi^^' 

But X, denoting the volume of the efflux in a unit of time due 
to these velocities, 

Aj©, = k^v^ = k^v^ = kiV^ = X, 

and therefore V - 2y Pi^^ "^ Pf^ "^ ^ "^ ^^^f . 

h^ h'i h^ h^ 

/Cj K^ K^ K^ 

Hence t?, tJ^, v^, t?^, are known for every position of the 
descending surface in the highest compartment. 

Bossut : TraiU d^Hydrodynamiquey tom. i. p. 349. 

7. The fluid in a vessel ABCDy (fig. 40), kept constantly full at 
the altitude ABy passes through a small aperture M in the side of 
a lateral vessel CEGF closed on all sides, except at N and P, 
where there are two small apertures through which the fluid 
may escape : to find the velocities of the fluid at Jf, JV, P. 
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Let t?j, t?3, t?3, be the velocities at J(f, N, P, the areas of these 
orifices being k^j k^^ k^. Let AB = a, and let h denote the depth 
of N below AD. Let x denote the altitude due to a velocity 
^'i • then J, « ^ 2gx, 

V = 2^ (a - x). 

But; the efflux through M being equal to the efflux through 
N and P together, we have 

Eliminating ©^ t?,, v^y between these four equations, we 
findthat A,a:i « A, (A ~ a:> + *,(« - x% 

whence x may be found by the solution of a quadratic equa- 
tion. Having found x, we know t?j, t?,, t?,, by the first three 

equations. 

Bossut : Traiti d^Hydrodynamique^ torn. i. p. 352. 

8. ABCDf GHIJy (fig. 41) are two vertical prismatic vessels, 
the rim of the aperture OJ in the upper vessel coinciding with 
the rim of the upper extremjity of the lower vessel : the sur. 
face of the fluid in the compound vessel being supposed initially 
to coincide with ADy to determine the time in which it will 
subside to NPy owing to the efflux of the fluid through a small 
aperture in the base HI of the lower prism. 

If AE^ ay BE^ J, GJ9r= a\ NH^x; K^ the area of a 
horizontal section of the larger, and K' = that of a horizontal 
section of the smaller prism, the required time will be equal to 



k\g) \a\-\ W"^ alk^a^y 



k 

9. A vessel ISTLy (fig. 42), kept constantly full at the height 
TLy transmits fluid to the vertical prismatic vessel AMNCy by 
means of a thin horizontal tube TM: to determine the time 
in which the surface of the fluid in the prismatic vessel will 
rise from its initial position VK to any other position GE, 

If a denote the distance of the surface FLff, and x of the 
surface GE below the surface of the fluid in the vessel ISTL, 
A denoting the area of a horizontal section of the prismatic 
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vessel and jJf of a vertical section of the tube TJf, the required 
time will be equal to 

Bossut: Traits (PHydrodt/namique, torn. i. p. 334. 

10. The reservoir ISTL (fig. 43), filled with fluid at first as far 
as ILy empties itself by the thin tube TMy which communicates 
with a second reservoir AMNCy containing initially fluid as 
far as DEy which discharges its contents through a small orifice 
at N, After a certain time the surfaces of the fluids in the 
two reservoirs arrive at QP and KV. To determine the rela- 
tion between the vertical altitudes QHy -BTX, above the line 
of the tube, and the expression for the time of the motion. 

Let iBTX = Xy QH ^y, M = the area of the orifice at -3f, 
N = the area of the orifice at iV, X = the area of the surface 
KVy Y- the area of the surface QP. Then the values of x^ y, t, 
will be connected together by the differential equations 

Xdx Ydy 



J. "K-dx 

(2^)4 . (If (y - a;> - Nx^\ 

The arbitrary constants introduced by the integration may 
be expressed in terms of the given initial altitudes Z'S.y OH, 
of the surfaces. 

Bossut; Traits d* Hydrodynamiquey tom. i. p. 33Y. 

11. Two equal vertical prismatic vessels ABCDy EFGHy 
(fig. 44) which communicate together by a thin horizontal tube 
COy are filled with fluid up to KLy MNi to determine the 
interval of time which will elapse before the surfaces of the 
fluid in the two vessels will be reduced to the same level. 

If -4 = the area of a horizontal section of either vessel, 
M = the area of a vertical section of the tube, KD = ay NH^ b, 
the required time will be equal to 

Bossut : TraUfi d' Hydrodynamique, tom. i, p. 339. 

• N 
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12. A vertical prismatic vessel, fiill of fluid, is divided into 
a number of compartments by a series of horizontal diaphragms, 
the compartments of the vessel communicating together by small 
orifices. Supposing the fluid in the upper compartment to be 
kept at its original altitude, and the fluids in the various com- 
partments not to separate, to find the rate of e£Bux through the 
orifices. 

If x^9 x^y x^f, . ..x^, be the altitudes of the different com- 
partments, Aj, Ag, Ajg, . , . . A^, the orifices, aud h the altitude of 
the whole vessel, then, v^, v^, v^,. . . .v^y denoting the velocities 
at the orifices, 

(2gh^ 



where X = 



I J_ ^ l_\h' 

jTh Z.* Z.* •••• "^7,2 

^1 ^% ^i ^n 



Section VIII. 
Effliix of Fluid through a smaU orifice of a vessel in motion. 

1. A vessel ABCD (fig. 45), containing fluid, being raised up 
vertically by a flne inextensible string HNMPy passing over 
two smooth pullies N and Jf, and having one end attached to a 
weight P : to determine the circumstances of the efflux at any 
time through a small oriflce in the base. 

Let f denote the acceleration of P, and therefore approxi- 
mately of the whole moving system, and M the sum of the 
masses of the vessel and of the contained fluid, at any instant 
of time. 

Then, by D'Alembert's Principle, 

, « P-M 

whence f=g^—^. 

If therefore upon every molecule of the system we were 
to impress in an opposite direction, in addition to the force 
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P - M 

of gravity, an acceleration equal to f oi g — — — , we should 

reduce the vessel, as far as the pressure of the fluid within it is 
concerned, to the condition of a vessel suspended by a string 
JVjBT tied to N. The accelerating force downwards upon each 
molecule of the fluid would accordingly be equal to 

P- M 2Pg 
^^^ PTM~ P + M' 

The pressure therefore at any point of the base of the vessel, 
supposing X to be the depth and p the density of the fluid, will 
be equal to 

2Pgpx 
P + M' 

instead of its value in the case of a vessel at rest, viz. gpx. 
Hence, v denoting the velocity of efflux, we shall have, 

P + M 

If k denote the area of the orifice, and Q the volume of the 
efflux in a time ty 

dQ = kvdt = 2k f—^L^Y x^dt. 

\P ■¥ M J 

Let X represent the area of the surface of the fluid : then 

dQ — - X.dXy 

and M= A - pQ = A -\- plXdxy 

A representing the sum of the masses of the fluid and the 
vessel at the commencement of the motion. 
From the last three equations we have 

- Xdx = 2k ( ^^— ^ x^dt. 



P+ A'\- pjxdx' 



an equation from which, X being derived in terms of x from 
the form of the vessel, we may determine the relation between 
X and t 

If M be greater than P, the mass M will descend and P 

n2 
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ascend. In this case, as in the one we have been considering, 
the velocity of the efflux will be equal to the square root of 
^Pgx 
P+M' 

If, initially, P = M, then /= 0, t?^ = 2gx ; 

the vessel will therefore be at rest, at least for a moment, and 
the velocity of efflux will be the same as in a vessel without 
motion. 

If P = 0, then /= - g, v = 0; 

this will be the case of a vessel containing water and falling 
without constraint : in such a case it is evident that none of the 
fluid will escape, every molecule of the system falling at the 
same rate by the action of gravity. 

If P = cx), then f°ff> t? = 2 (gx>^, 

Daniel Bernoulli: Hydrodynam.y Sect. xi. Art. 19. 

D'Alembert: TraiU des Fluides, p. 146. 

Bossut: Traits d* Hydrodynamique^ tom. i. p. 355. 

2. A vessel ABCD (fig. 46), containing fluid, is dragged 
along a smooth horizontal plane FQ by means of a weight P 
attached to the end of a string tied to the vessel at H and 
passing over a pully N: to flnd the form of equilibrium of the 
surface of the fluid and the pressure at any point of the fluid. 

If Ji" denote the sum of the masses of the fluid and the vessel, 
the acceleration of every particle of the system paiallel to FQ 
will be equal to pg 

mTp' 

This acceleration of the molecules of the fluid is due to the 

resultant pressure of the vessel on the fluid arising from the 

acceleration of tiie vessel, the acceleration of the vessel being 

caused by the excess of the tension of the string above the 

resultant reaction of the fluid. 

Pa 
Suppose now an accelerating force ^y^ to be impressed 

upon the whole system in a direction opposite to the motion: 
then the vessel maybe regarded as at rest, and the fluid, instead 
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of experiencing the resultant pressure of the accelerated vessel, 

Pa 

will be subject at every point to a horizontal force ^ T, y ^J 

which it will be caused to press against the vessel as if at rest 

Let z be the altitude of any molecule of the fluid above the 
base of the vessel, and y its distance from a plane fixed in the 
vessel at right angles to the direction of the motion. 

Then, for the equilibrium of the fluid, there is 



*-K^-'*)= 



whence p^g^i^—l- 



- xx^-c. 



which determines the pressure at ally point of the fluid, since 
the value of the constant may be found if the volume of the 
fluid be known. 

Putting j» = 0, we have, for the equation to the surface of the 
fluid, 

which defines a plane. 

Cor. Let v represent the velocity with which the fluid would 
issue through a small aperture in the side of the vessel^ and let 
X, y, be a, &, respectively at the aperture. Then 

and, Xy y, being the coordinates of any point in the surface, 

or = - c + c' ; 

hence Ipv' = c + gp ( j^^p - « 

The quantity c in this equation will be some function of the 
volume of the flmd in the vessel at any instant of time or of the 
altitude of the intersection of any fixed vertical line with the 
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free surface above the base of the vessel. Thus the velocity of 
efflux may be determined for every position of the descending 
surface. 

D'Alembert: TraiU des Fluides, p. 146. 

Bossut: Traite d^ Hydrodynamique, torn. i. p. 359. 



Section IX. 
Efflux of Air from a vessel throv^h a smaU orifice. 

1. To determine the velocity of efflux when air escapes from 
a vessel into vacuum. 

Suppose a vessel to be filled with au: of its ordinary density 
at the surface of the earth. Then the pressure at any point 
will be equal to the weight of a column of homogeneous fluid 
of the same density as the air^ the area of a transverse section 
of the column being unity, and its altitude about 29050 feet. 
Hence, a small orifice being made in the vessel so as to allow 
the air to escape into vacuum, the velocity of efflux, being that 
due to an altitude of 29050 feet, will be equal to 

{2sf X 29050> = (64.4 x 29050)4 

= 1367 feet nearly. 

The magnitude of this velocity of efflux will not be affected 
if the air in the vessel be supposed to have a different density 
from that of the atmosphere: for the velocity o^any very small 
volume of effluent air depends upon the ratio of the pressure 
acting upon it to its density, and the pressure is proportional 
to the density. 

Bossut: T}raiU d^ Hydrodynamique, tom. i. p. 385. 

2. To determine, under the circumstances of the preceding 
problem, the time in which the density of the air will decrease 
from one assigned amount to another. 

Let C represent the capacity of the vessel, v the velocity of 
the efflux, k the area of the orifice ; and let Q denote the mass 
of the contained air and p its density at any time t. 
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Then it is plain that dQ = - pkvdty 
and Q= Cp: 

hence Q -^ = - kvdty 

P 

C log p = constant - kvt. 

Let Pi, P2, be the values of p at the ends of the times t^, t^: 
then ^ 

or the interval between the density being pj, p^, is equal to 

If p^ = 0, t^ - t^ = 00, whence we conclude that the air would not 
all escape from the vessel in any finite time. 

Bossut: Traits d^Hydrodynamique, tom. i. p. 386. 

3. To determine the velocity with which air will escape from 
a vessel through a small orifice into circumambient air of 
indefinite extent, the density of which is not so great as that of 
the air in the vessel. 

Let a- represent the density of the circumambient air and F 

its elastic force ; p the initial density and accordingly ^ F the 

initial elastic force of the confined air; p' the density of the 

confined air after a certain time, and — F its corresponding 

elastic force ; M the small mass of air which issues initially in 
a certain small time with a velocity V; M' the small mass of 
air which issues in an equal portion of time some time after- 
wards, with a velocity V\ 

The initial expulsive force will therefore be equal to 

and the expulsive force after a time t will be equal to 
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Now the expulsive forces vaxy as the quantities of motion 
which they generate in a given time : hence 

^^1^ Fi ?^ F:: MV: STV. 
a c 

But My M'y are equal to pk V, p'k F", respectively, k denoting 
the area of the orifice ; hence 

p - a- : p ^ <r :: pV^ : p V'^y 
and therefore F' = T kSlJL^ , 

V is known from the relation 

V^^2g . ?~^ . 29050. 
^ P 

Eossut: Traits d* Hydrodynamtque, tom. i. p. 388. 

4. Under the circumstances of the preceding problem, to 
find how long the air in the vessel will be decreasing in density 
from p to p', 

C denoting the capacity of the vessel and Q the mass of the 
contained air at any time ty we have 

dQ^^-p'kV'dty 

and therefore 

C(p-<ry dp' 

Vkpi ■ (p" - «r/)'> 
t = constant ^f" . log {/>' - 50- + {p^ - «'/>')*}> 

= constant yj^^ ' ^^S {p - J<^ + Cp' - o-p^}, 

and consequently 

Vkpi '""^ p'^^^a + (p'^-<^py' 
'Bos8Xlt: JJ.p. 390r 

6. A vessel being supposed to contain air more rare than 
that of the atmosphere, to find the velocity with which the 



7vl» 
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surrounding air will flow into the vessel through a small orifice, 
and to determine the relation between the time and the density 
of the air in the vessel. 

Let <T denote the density of the circumambient air^ p the 
initial density of the air in the vessel^ and />' its density at 
the end of any time L Then, V denoting the initial velocity 
of the influx and V its velocity at the time ty C the capacity 
of the vessel and k the area of the orifice, 



V^V 



,<^-p 



and t^^^^{(a-p)^^(a^py}. 

Bossut: iJ., pp. 391, 392. 

6. Two closed vessels containing air of unequal condens- 
ation, to determine the velocity of the efflux of the air from 
one vessel into the other through a small orifice, and to find 
the equation between the time and the corresponding density 
of the air in either vessel. 

Let p denote the initial density of the air in the vessel which 
contains the denser air, and p its density at the end of a time t : 
let cr, a, denote analogous quantities in regard to the other 
vessel. Then, A, JS, denoting the capacities of the vessels of 
denser and rarer air respectively, k the area of the orifice, J^the 
initial velocity of efflux and V after a time ty we shall have 

V'-V f P {B (p' - a) - A (p - p')}- ^ 
'^-'^1 Bp'(p-a) ^J' 

Fp ( , Jb'V 

where JP=-4/o + ^<r, f^{A + B)p, m = B(p-a). 

Bossut: lb., pp. 392, 393, 394. 
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CHAPTER II. 



OSCILLATION OF FLUIDS IN PIPES. 

The general problem of the motion and pressure of fluids in 
pipes with either uniform or variable bores is discussed at length, 
with many interesting applications, by Euler, in a Memoir in 
the Novi Commentarii Academic Scientiarum PetropolitancB, 
tom. XV., pro anno 1770. This memoir consists of five chap- 
ters : — Caput 1. De principtis motua linearis fiuidorwn. 
Cap. II. De motu €iqtUB in tubis cequaliter ubique amplis. 
Cap. III. De motu aquce in tubis imequaliter amplis. Cap. iv. 
De elevatione aqtue antliarum ope. Cap. v. De motu aquae per 
tubos diverso caloris gradu infectos. The reader may consult 
also a memoir by M. Coriolis, entitled, " Sur une maniire simple 
de calctder la pression produite contre les parois d^un canal dans 
lequel se meut un fluide incompressible : in Liouville's Journal 
de Mathima^iqueSy annee 1837; p. 130. 

1. An incompressible fluid oscillates in a siphon ABCD of 
uniform bore, (fig. 47) which consists of two vertical branches 
and one horizontal : to ascertain the period of an oscillation. 

Let Xy y, be the altitudes of the two free surfaces of the 
column above the horizontal portion of the siphon. Let c 
represent the whole length of the column of fluid, and a the 
length of the horizontal branch of the siphon. Then, k denoting 
the area of a section of the siphon and p the density of the fluid, 
the mass of fluid in motion will be equal to kpc, and the force 
producing motion, being the diflference of the weights of the 
two vertical portions of the fluid, will be equal to 

gpk (y-x): 

, d^x J , . d^x a . N ^ 

hence kpc -^ = gpk (y - x), _ + ^ (;r - y) = 0. 
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But^ a denoting the length of the horizontal branch of the 



siphon^ 



a: + y + a = c: 



1 (Px a . . 

hence -=-r 4- - (2x + a - c) = 0, 

— {x + U« - ^>>} + 7^ {x+\{a - c)] = 0, 
which shews that the period of an oscillation is equal to tt ( — ) , 

and is therefore the same as that of an oscillation of a perfect 
pendulum the length of which is half that of the column of 
fluid. 

Newton compares the undulatory motion of the waves of 
an indefinite mass of fluid to the oscillation of the fluid in 
a siphon. 

Newton : Principiay lib. 11. Sect. vii. Prop. 44, 45, 46. 

Euler: Navi Comment, PetropoUt.y an. 17Y0, p. 251. 

Bossut: Traits ffSt/drodynamique, tom. i. p. 363. 

2, An incompressible fluid oscillates under the action of 
gravity in a smooth continuous tube of variable bore : to 
determine the motion of the fluid. 

We shall conceive the fluid to be divided into an inflnite 
number of parallel sections, each of them pierced perpen- 
dicularly by the axis of the tube. We shall also suppose the 
motion of the particles in each slice to move at right angles 
to either face of the slice, in accordance with the hypothesis 
of parallel sections. 

Let L (fig. 48) be the area of any section of the fluid, L' and 
L" being the values of L at the extremities of the column of 
fluid. Let M be the area of a section of the fluid at any other 
point. Let u, t?, be the velocities of the fluid at i, M. Let 
«, s'y s", be the lengths of the axis of the tube reckoned from 
a flxed point A in it to the sections M, L', L", respectively, and 
let z be the depth of the point of the axis at M below the 
horizontal plane through A. 
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dz 
Then, by the equation of fluid motion, g — - being the coni- 

CvO 

ponent of gravity at M along the axis of the tube at that points 

dv dv dz I dp 
dt ds ds p da* 



II 



^ck^iv' = gz-^^p (1). 



Since the fluid is supposed to be incompressible and invariable 
in volume, it follows that the same quantity of fluid must pass 
through each section of the tube, which is occupied by fluid, in 
an assigned time : hence 

Lu^ Mv (2). 

Differentiating the equation (2) with regard to /, and observing 

that L and My being fixed sections, do not vary with the time, 

we have 

^ du -M^dv 

dt dt 

du 
and therefore, from (1), observing that L and — - depend only 

or 

upon t and the position of X, and not upon the position of My 

that is, upon the magnitude of *, we get 

y du Cds 1 i' a 1 /„N 

^dt}M^'W''^'--p^ ('> 

Supposing the pressure to be IT, a constant quantity, at both 
ends of the oscillating column, we have, z'y z"y being the values 

of Z at L'y L"y 

Again, from (2), we have 

L'u' = Lu = L'u'y 

L'%.L..L-% (5> 

From the two equations (5) there is 

L"ds" - L'ds' = 0, 
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which is equivalent to 

"^ Mds^ C (6), 



/: 



C being a constant quantity, representing, as appears from the 
form of the left-hand member of the equation, the volume of the 
oscillating fluid. 

From (6) then we know s" in terms of «', and z , z\ which 
are given functions of s', «', are therefore known in terms of s'. 
Substituting for /, z, /, in terms of s' in the equation (4), we 
have an equation in s\ u, t, and from this final equation, com- 
bined with 

^'S=^« (')' 

we may find s' and u in terms of t The two arbitrary con- 
stants introduced in the integration of these two equations 

ds' 
may be determined when the initial values of 8 and — are 

assigned. 

The equation (4) may be obtained somewhat elegantly by 
the direct application of D'Alembert's Principle. Conceive 
the indefinitely small slices of the fluid to be taken all equal 
and to have each of them a mass m. 

JDv • dz 

Then, -j- denoting the efiective force and g -r- the component 
dt ds 

of the impressed force in the direction in which the slice at M 

moves, we have, by D'Alembert's Principle combined with that 

of Virtual Velocities, 

^ds'^r"^-'^ 

the symbol of integration being supposed to extend from one 
end of the fluid to the other. Since m is the same for all 
the slices, this equation becomes 




/; 



dz Dv\ , „ 
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whence a (z - z) = l -— - ds 

^^ ^ L' dt 

f'^'fdv dv d^\y 
Ji'\dt ds dt) 

= r(^+^^\ds 

Jt'\dt ds) 

r*^ dn 

^ ^ Jrdl 

But, as we have proved in the former solution, 

dt dt' 

and therefore 

^* . 1 r2M 1 \,.t 



_ J du f'^ ds 
diJs'M 



+ ir ^--^Au\ 



Bossut : Traits d^Hydrodynamtque, torn. i. p. 366, 

3. Fluid oscillates in a cylindrical tube, the axis of which 
is a circle in a vertical plane : to determine the motion. 

Let C (fig. 49) be the centre of the circle, CA a horizontal 
radius, L'L" the fluid in any position. Join CL', CL", Let 
LACL'^e, LUCV^a, r = the radius. 

Then, retaining the notation of the preceding problem, and 

observing that aU the sections are equal, we have from the 

equation (4), ^^ 

J^(s"-s-) = ffiz"-z') (8), 

and, from the equation (6), 

or, c denoting the length of the column of fluid, 

s"-s' = c (9> 

ds 

Also, from (7), di"^ ^^^^' 

From (8), (9), (10), there is 
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or ^ :3i2 = ^ {^^ (0 + a) - sin 0} 



df 



= 2g sin ? cos f + I j (11), 



whence c -— r = 40^ sin - sin ( 6 + - j + constant : 

de ^ 2 \ 2/ 



dO 

let -y- = 0, when = /3 : then 



dO 



= 4^ sin - sin f /3 + - j + constant ; 



c4 (;9 



<& = 



2 f ^ sin 



I)' ■(.«(.. I) -.in (p. I)}'- 



In order to simplify results, let us suppose that the oscillations 

of the fluid are small. Let + f, being the value 

2 2 2 2 ° 

of when the fluid is in equilibrium. Then, from (1 1), 



"" df 



= 2iir8in^cos^^+n 



= - 2^ sin - . f nearly : 



the integral of this equation is 



f = -4 sin 



-^ sm - t + E}. 



A and e being arbitrary constants : whence 



e + J(a - tt) = -4 sin if -^ sin ~ J ^ + ei . 



dd 

When — = 0, let e = 13 and ^ = : then 
dt 

fi + l(a - ir) = A sin e, 
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and = -4 COS c : 

hence 6 = JCtt - a) + {/8 - ^ (tt - a)} cos i ( — sin ~ j t\. 

Bossut : TraiU (T HydrodynamiquSy torn. i. p. 368. 

4. Fluid oscillates in a siphon of uniform bore which consists 
of two branches inclined at given angles to the vertical con- 
nected by a horizontal branch : to find the length of a perfect 
pendulum which shall oscillate isochronously with the fluid. 

If c represent the whole length of the column of fluids and 
a, /3, the angles at which its extreme branches are inclined to 
the vertical, the length of the perfect pendulum will be equal to 



cos a + cos /3 

John Bernoulli: Opera, tom. iii. p. 125. 
Bossut: Traits d'Hydrodynamtque, tom. i. p. 371. 

5. The fluid in the tubes of a differential thermometer having 
the same section throughout, makes small oscillations in a ver- 
tical plane : to determine the length of the isochronous simple 
pendulum. 

Let k represent the area of a section of the tube, v the volume 
of air in the bulb and tube together on each side when the fluid 
is in a position of equilibrium, h the height of a column of the 
contained fluid which would press with a force equal to that 
of the air when the fluid is in its position of rest, and / the 
whole length of the oscillating column. Then the length of 
the isochronous pendulum will be equal to 

fe 

2 (hk + v) ' 

6. A thin tube of uniform bore consists of two straight 
branches AB and 5(7 (fig. 50) inclined at given angles to the 
horizon : the branch BC is free from air and closed at C7, while 
BA is open to the atmosphere at A: in this tube there moves 
a filament MBN of fluid of given length : to determine its 
motion. 
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Let X represent the length BMy I the whole length of the 
filament ; 6^ ^, the inclinations of ABy CBy to the horizon ; 
k the height of a column of the fluid which would exert 
a pressure equal to that of the atmosphere. Then the motion 
of the fluid will be defined by the differential equation 

I -p + ^ { A - / sin f + (sin c + sin f) rr} = 0, 

which is easily integrated. The arbitrary constants introduced 
by the integration are to be determined by knowing the 
position and velocity of the filament at any instant of time. 

Euler : Comment. Acad, Petrop. torn. xv. p. 254. 



o 
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CHAPTER III. 



RESISTANCES. 

The earliest problems of the resistance of a fluids on the 
surface of a solid moving through it, were solved by Newton,* 
who ascertained the magnitude of the resistance on a globe and 
on a cylinder moving in the direction of its axis, and enunciated 
the fundamental property of the Solid of Least Resistance. 
The theory of resistances laid down by Newton received after- 
wards extensive applications in the hands of James Semoulli, 
who has given the results of his calculations for various forms 
of surfaces in the Acta Eruditorum for 1693. John Bernoulli 
has also treated on this subject in his NouveUe Theorie de la 
Manoeuvre, and Herman has devoted to it the twelfth chapter 
of the second book of his Phoronomia. 

If A be the area of a plane directly opposed to a stream 
of fluid, of which the density is p, moving with the velocity v ; 
then, according to the ordinary theory, the resistance on the 
plane will be equal to lpv*A. This formula, which forms the 
basis of the ordinary theory of resistances, was first deduced 
from the equations of fluid motion by John Bernoulli,t the law 
of resistance which it expresses having been already adopted 
by Newton, James Bernoulli, and others. 

An interesting application of the theory of Resistances has 
been made by Euler, in a memoir on the maximum efficiency 
of Wind Mills, in the Oommentarii Academice Petropolitance, 
tom. IV. p. 41, entitled De Constructione Aptissima Molarum 
Alatarum. 

In the following problems, wherever the contrary is not 
stated, the resistance will be supposed to take place according 
to the law of the square of the velocity. 

* Principia : lib. ii. Sec. 7. 

t Comment. Acad. Petrop. 1737, p. 37. 
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1. An isosceles triangular lamina being exposed to the action 
of a stream, the direction of which is parallel to the perpendi- 
cular distance CD (fig. 51) of the vertex C of one face of the 
lamina from the base AB of this face : to compare the resultant 
pressure of the fluid on the lamina as its vertex or its base is 
opposed to the stream. 

Let V be the velocity of the stream, 2a the angle at the 
vertex of either face of the lamina, I the length of AC or BC, 
s the distance of any point P in AC from C, and r the thick- 
ness of the lamina. Let P denote the pressure on the lamina, 
when Cy and Q, when AB meets the current. 

Then, under the supposition that C meets the stream, the 
component of the velocity at P, at right angles to AC, is v sin a, 
and therefore the normal pressure, on an elemental rectangle rds 
at Py will be equal to 

\iprds ,(v sin a)*; 

and the component of this pressure, parallel to CD, will be equal 

*^ \prd8 . (t? sin a)', sin a = Iprv^ sin^acfo. 

Hence P = 2 I \prv^ sin® ads ^ prlv^ sin' a. 

When AB meets the stream, each of its elements being acted 
on perpendicularly by the fluid with a velocity t?, we shall have 

Q = ^pr(2lsin a) 2?* 
= prlv^ sin a. 
Hence P : Q : : sin'* a : 1, 

or, if a denote the length of the base, 

P: Qr.a'i^P. 

James Bernoulli: Acta Eruditoruniy Lips. 1693, p. 252. 

Herman: Phoronomia, ]^. 245. 

Bossut : IVaitS d* Hydrodynamique, tom. i. p. 431. 

2. A lamina in the form of a semi-ellipse, bounded by the 
minor axis, moves through a fluid, first with its vertex and next 
with its base foremost, in the direction of its axis : to compare 
the resultant resistances in the two cases. 

02 
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Let V be the velocity of the stream^ a the length of the semi- 
axis major AC(&g. 52), 2b the length of the axis minor BB, 
of either face of the lamina. Let CAxy CBy, be taken as the 
axes of coordinates, and let CM = x, PM = y. Let Pp = ds, 
p being any point of the curve AB indefinitely near to P. 
Then^ r denoting the thickness of the lamina and p the density 
of the fluid, the normal resistance on the portion Pp of the 
lamina, the vertex A being supposed to move foremost, will be 
equal to 

and the component of this, parallel to AC, will be equal to 

,prv —,ds. 

Hence, P denoting the resultant resistance on the lamina, 
parallel Xx) AC, 

But, from the equation 

a o 

d^ a' v' 
we may get ^ = jj . /-_-, ; 

hence, integrating from - y to + y, we have 

= ^''^'' • ^TT' ic^^-ii^ *"^ — 6^ - y) ' 

or, b being tlie value of y in the Kmit, 
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But^ Q denoting the resistance when the motion of the lamina 
takes place in the opposite direction, 

Q= lprv^.2b: 

James Bernoulli : Acta Eruditorum, Lips. 169S, 

p. 263, Art 6. 
Herman: Phoronamta, p. 246. 

3. A semicircular lamina is placed in a stream flowing in 
a direction parallel to the axis of the lamina: to compare 
the resultant stress experienced by the lamina, when its vertex 
meets the stream, with that which it experiences when its base 
meets the stream. 

Let C7(fig. 53) be the middle point of the rectilinear boundary 
of either face of the lamina, P any point in the curvilinear 
circumference of this face, and CA its axis. Let AC = a, 
lACP = ©, arc AP = «, r = the thickness of the lamina. Let 
P, Q, denote the resultant pressures of the fluid on the lamina, 
accordingly as ^ or (7 meets the stream. 

Then, t? cos being the normal component of the velocity with 
which the fluid impinges upon the lamina at P, the component 
of the pressure upon an elemental rectangle rds of the edge of 
the lamina, parallel to ACy will be equal to 

2 P • '^^^ • (^ cos 0/. cos B ^ (^rav^ cos' d rffl. 

Hence, P being equal to twice the component of the pressure 
upon the quadrant ABy parallel to AC^ we have 

P = pra'^ I cos' MQ =« prav^ 1(1- sin'fl) (2 sin 

« prai? (1 - g) = 3 prat?'. 
The pressure Q upon the base of the lamina will be equal to 

\ p . 2Ta . «?' = prav^. 
Hence P : Q : : 2 : 3. 

Bossut: TraiU d^Hydrodynamtque, tom. i. p. 433 — 437. 
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4. To find the centre of resistance on a semicircular plate, 
revolving about its diameter in a medium^ the resistance of 
which varies as the square of the velocity. 

Let 6> denote the angular velocity of revolution, a the radius 
of the circle, x the distance of the centre of resistance from the 
axis of revolution. Then, r being the distance of an elemental 
area rdOdr from the centre of the circle, and d the inclination of 
r to the axis of the semicircle, we shall have 

z \ jrdOdr .Ip (©r cos Of = jlrdOdr . r cos . J/j (cor cos 6/, 
or X llf^ cos' 



ffr" cos' OdOdr = fff^ cos' ddOdr, 



where the integrations are to be performed first from r = to 
r = a, and then from = to = J tt. 

Hence J x /cos' Odd = 5 a /cos' BdO^ 

I a: [(1 + cos 2fl) rf0 = J a [(l - sin' 0) rfsin 6, 

ia: (e + I sin 26) = ia (sin0 - ^ sin'fl), 

irx 2a 

Te " 15' 

32a 
or X = . 

5. An indefinitely thin rectangular plank ABy moveable 
about one of its ends -dt, which is fixed horizontally, is 
plunged vertically up to A into a current flowing at right 
angles to the face of the plank, and then abandoned to the 
stream : to determine that point C of the plank of which, ipso 
motus initio, the velocity is the same as that of the fluid. 

Let AB = a, AC= x (fig. 54); let y denote the distance of 
any point P in the plank from the end A; let b denote the 
breadth of the plank, and v the velocity of the fluid and of the 
pbint C 

Then the velocity of P will be — , and the difference between 

X 



[ 
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this and the velocity of the fluid will be 

X X 

Now the action of the fluid on -4 C will tend to accelerate and 
that on BC to retard the rotation of the plank about A : and^ 
since the moment of inertia of the plank is supposed to be 
inconsiderable, the moments of these two actions of the fluid 
must be equal : hence 

Ip\ -(x '■^ y)\ bydy = i /> f - (^ -^ y)' . hydy, 

J Q X J sX 

or, observing that (x ^ yj is equal to {x - y/, 

\\x - yfydy = I (a; - yJ ydy = \ {x- yf ydy - f (x- yjydy, 

Jo J ' Jo Jo 

whence 2 / {x - yJ ydy = / {x - yJ ydy, 

Jo Jo 

2] {a?-2xy ^ y^)ydy = [ (:c'~ 2ay + y')ydy, 

Jo Jo 

1{\x'-lx'+\x')^\a^a?-\a'x-¥\a\ 
a:* - Zd^a? + 4a'a; - i a* = 0, 

from which the required value oi xi^tjo be obtained. 

23 
Approximately x == —-a. 

Ducrest : Essais 8ur les Machines Hydrauliqtces, p. 267, 

Paris, 1777. 

6. A thin rod is suspended by its middle point to the end of 
a fine string, which, being twisted through an angle a, tends to 
regain its former position : to find the angle which the rod 
makes with its position of rest at the end of any time t ; T being 
the time of an oscillation, and the resistance on a small length 
dr of the rod being supposed to vary as vdr, where v is the 
velocity of dr. 

Since the force of torsion varies as 0, we shall have for the 
motion of the rod, r being the distance of dr from the string. 
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\ the area of a transverse section of the rod^ and c, k, constant 
quantities^ 

where /3 represents some constant quantity. 
Assume = e™' : then 

m' + Am + /8 = 0, 

hence, putting /* = J (4^ - A')4, we have for the complete integral 

e = e-i*'.Csin(A^+ C), 

where (7, (7, are arbitrary constants. 
Let 0=0: then 

fit -^ C = 0, or /A^ + (7' = TT, 

or , , are successive values of t corresponding to the 

fi fi 

zero value of ©: hence, T denoting the time of an oscillation. 
Hence B = e^ ( -4 cos — + -B sin — ) , 

\ T t; 

Ay By being arbitrary constants. 

If - s= 0, when => a and ^ = 0, it may be easily ascertained 

that . « kaV 

A =* tty i> = : 

hence 6 = e'^ . ( a cos — + — sm — j . 

7. A plane is moveable at right angles to a stream, the 
direction of which makes an angle a with the normal, and 
the force required to retain it at a constant velocity v in one 
direction is four times that required to retain it at an equal 
velocity in the opposite direction. Assuming the common theory 
of resistances, to find the velocity of the stream. 
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First we will suppose that the requisite forces both act in the 
same direction. Let v be the velocity of the stream. Let OA 
(fig. 55) be one of the diiections of the board's motion^ and AO 
the opposite direction. Then, in the former motion, the pres- 
sure of the fluid on the board is equal to 

k (v cos a -f t? sin a)', 

k being a constant quantity : and therefore the pressure of the 
fluid parallel to ^0 is equal to 

k {v' cos a + t? sin of sin a. 

For the opposite motion of the board, the pressure of the fluid 
on the board parallel to AOy putting - v for t?, is equal to 

k (t/ cos a - t? sin a)' . sin a. 

Since these two pressures must be equal to the pressures applied 
to the board in the two cases to retain it at the proposed velocity, 
it follows that 

k (v' cos a + t? sin of sin a = 4A (v cos a - t? sin a)' sin a, 

v' cos a + V sin a » 2v' cos a - 2v sin a, 

whence v' = 3t? tan a. 

Secondly, suppose the requisite forces to act in opposite 
directions : then, v sin a being greater than vl cos a, 

k (v cos a + t? sin a/ sin a = 4A (i? sin a - t?' cos a)' sin a, 

V cos a + e> sin a = 2 (v sin a - v cos a), 

t?' = J t? tan a. 

8. A thin rectangular plank is revolving about one end, 
which is horizontal, with a given angular velocity : its lower 
end is at a given depth in a horizontal current. To find the 
inclination of the plank to the vertical, that the moment of the 
action of the fluid on the immersed portion about the fixed end 
may be the greatest possible, the direction of the horizontal 
component of the velocity of each point of the plank being 
supposed to be the same as that of the current. 

Let 0, A, (fig. 56), be the middle points of the two ends of 
the plank. Draw AF horizontally to meet the vertical line 
through in the point F: let E be the point in which OF 
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intersects the surface of the fluid. Let lAOF=a, OE^a, 
OF ^ b. Take any point P in OA and draw PQ horizontally 
to meet OF in Q : let OQ « r, OP = r'. Let o) = the angular 
velocity of the plank^ u - the velocity of the current, and c = 
the breadth of the plank. 

The relative normal velocity with which the current is incident 
upon the element cdr of the plank is equal to 

u cos a - r(Oy 

and therefore the pressure on this element is equal to 

3 pcdr' (u cos a - r'caf : 

hence the moment, about 0, of the whole action of the fluid on 
the plank will be equal to 

5 pc Ir' (u cos a - r'(of dr' 

the integration being performed from r = a to r = J. 

Since (u - r — =— ) is manifestly less than (u - ro))', it 
\ cos o/ 

follows that the value of the moment of the fluid's action will 

be greatest when a = 0. 

9. A thin rectangular plank moveable about one end, which 
is fixed horizontally to the axis of an axle, is partially immersed 
in a current, and raises a weight attached to a fine string which 
passes over a fixed pully of inconsiderable inertia and is wound 
round the axle. To determine the diflferential equation for the 
motion of the plank. 

Let 0, A (fig. 67), be the middle points of the two ends of 
the plank, F the point in which the string touches the axle OF, 
F the fixed pully, W the weight, and Q the intersection of OA 
with the surface of the fluid. Let OCK be an indefinite ver- 
tical line through 0, intersecting the surface of the fluid in C. 

Let m = the mass of TV^ T = the tension of the string, r = the 
radius of the axle, b = the breadth of the plank, OA = o, OC=Cy 
= lAOK, at any time t, MK^ = the moment of inertia of the 
plank and axle about the axis of revolution, w=the velocity of the 
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current, s = the distance of any point P in ^Q from the point 0, 
X = the distance of W below any fixed horizontal plane. 
Then, for the motion of the weight, 

or, since dx = rdd^ 

d^0 
^^ -^^^9-^ ^^^* 

For the motion of the plank, QC being the direction of u and 

d9 , . 

-^ being negative. 



CO8 

From the equations (1) and (2), we have 
{Mi? + mr*) -^ = mgr - \pb j (u cos + s ■-=-] sds 

CQ8<f 

= mgr - \po\ I m cos V + 2m« cos " -tT + * j^ 1 *"* 

COB0 



= »»^r - JpJ •Ij «' cos' ( o' J- 



dBf , c" 



+ § M COS T- I a° - 



+ ? 



fly •* J<V cos'© 

^i'---^)^] «. 

which is the differential equation to the motion of the plank. 

Cob. Suppose that a considerable number of such planks, 
forming float-boards of a water-wheel, are fixed to the axis O. 
Suppose that OCis so large compared with the immersed length 
of any of the float-boards, that may be always regarded as 
zero, and suppose that the wheel has arrived at its permanent 
velocity of rotation, slight inequalities of motion being dis- 
regarded. We may conceive the floats to be so adjusted that 
one only may be immersed at a time, or that, more than one 
being partially immersed, the eflfect may be the same as one 

totally immersed. Then from (3), -=-^ being zero, we have, 
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putting - (o for — - , 

at 

mgr ^^pb {\%f (a» - c') - §w (a» - c') oi + i (a* - c*) o)'}. 
If r = the velocity of the weight, and mg = W^ we have, 
TTt? = \pb {^n* (o» - c») ® - § w (a' - (?») «' + J(«* - ^*) «')• 

From this equation it appears that Wo and o) vary simul- 
taneously; such variations will arise from a variation in the 
magnitude of W. 

Now Wv measures the work performed by the water-wheel: 
suppose that we propose to find the maximum efficiency of the 
wheel. Then, equating to zero the differential of Wv with 
regard to w, we have 

whence (a may be found, and then Wo becomes known. 

If a be very nearly equal to Cylet c ^ a - x, x being a small 
quantity : then, approximately, 

= J w* . 2xa - 3 « . Za^x . « + | . Aa^x . ©', 

or w' - 4awa) + 3aW = 0, 

whence ano ^\u, 

or the velocity of the float is one-third of that of the current. 

Bossut: Traiti d^ Hydrodynamique, tom. i. p. 460. 

10. To determine the form of a frustum of a right cone, the 
base and altitude of which are given, which, moving through 
a fluid, in the direction of its axis, may experience the least 
resistance. 

Let BD, (fig. 58), be the axis of the frustum, and ABCD the 
section of the cone made by a plane through BD. Produce 
-4Cto meet BD produced in O, which will be the vertex of the 
complete cone. Take P any point in CA and draw PM at 
right angles to BD. 

Let AB «c,BD = A, PM= y, CD = y„ lAOB ^ a, CP ^ 8. 
Then, V denoting the velocity of the frustum, the resistance on 
its circular end CD will be equal to 

5 />t?Vy^*, 
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and the resistance arising from the action of the fluid on the 
convex surface will be equal to 

lip • 27rydi . t?' sin' a 

= lpv\ . 2 sin' alyds 

= Jpt?V . 2 sin* a\ydy 

= \ pt?V . sin* a (c' - y^). 
Hence the expression 

u^y^ ■\- sin' a . (c' - y,') = c' sin' a + y^ cos' a 
must be a minimum. 

But y^ cos d a c cos a - A sin a, 

and therefore w = c* - 2cA sin a cos a + A' sin' a ; 

whence, putting ^ = 0, we have 

da 
2h sin a cos a - 2c (cos' a - sin' a) = 0, 

C cot' a - A cot a = C, 

c' cot' a - cA cot a + J A' = c' + I A', 

and therefore, if ar = 0-B, 

a: = c cot a = |A + (c' + JA') , 

which determines the position of the vertex of the complete 
cone. 

This result enables us to give the following construction of 
the cone. Bisect BD in E, join EAy and, in BD produced 
indefinitely, set off EO equal to EA, This construction was 
given without demonstration by Newton in his Principia, in 
the Scholium to Prop. 34, lib. ii. sect. 7. 

Herman : Phoronomta, p. 249. 

11. Two opposite edges of a thin inextensible and perfectly 
flexible rectangular piece of cloth are fixed parallel to each 
other, and the cloth is exposed to a uniform current of air 
moving at right angles to the plane which contains the two 
fixed edges of the cloth : to determine the form of equilibrium 
of the cloth. 
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Let the curve KAL (fig. 59) represent a section of the cloth 
made by a plane at right angles to its two fixed edges^ K and L 
being the two fixed points of the curve. Let Ozy Oy^ be rect- 
angular axes of the curve, OAy being its axis of symmetry. 
The air is supposed to be moving in the direction yO. 

Let t> denote the velocity of the air : then the unit of resistance 
jt? at a point (x, y) of the curve will be equal to 

But, t denoting the tension of the curve and r the radius of 
curvature at this point, t = pr 

where ^ is a constant quantity because the curve is subject only 
to normal action : hence, a denoting a constant quantity, 

d^ 
dx' dx' 
"'dp-W^' 
d^ 

d'y 

a — ? 

ds? 

or 1 = 



( 



d^) 



integrating, and observing that x and -j- are equal to zero 
simultaneously, we have 

whence | + ^wgj = ^. 



dx \ da? 



and _l^ + (i + ^J =c". 



^ = J- 



a 



and therefore 2 -/• = e" - e 

ax 

integrating, and supposing the origin to be at a distance a irom 
the vertex, we have 

^ f a a 

y = - I e'* + e 
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This curve is called the Curva Velaria, as being the form of 
a vertical section of a sail filled by the wind : its equation 
shews that it coincides in form with the Catenaria or Funi- 
culaxia. 

CoR. If we take s as the independent variable, then 

dxds 

dry 

and therefore, from the equation t = /?r, there is 

_dx^ dxds 

or adsd^y = dx^y 

the form in which the differential equation to the curve was 
given by James Bernoulli. 

The history of the discovery of the Velaria and Lintearia is 
given by James Bernoulli, in the Acta Eruditorum for the year 
1695, p. 546, from which the following is an extract : 

"Cum ineunte anno 1691 Fratri Genevam misissem pro- 
portionem hanc solvendam, ^x \dx\\ dy^ : /dy*, qua Velariam 
comprehendi indicabam, ille ex P. Gastone Pardies retulit. 
Velum considerari posse instar funiculi pondere carentis, cui 
infinitae lineae aequidistantes et aeque graves insistant ; adeoque 
in Prisma Parabolicum curvari, juxta id quod in Actis habetur 
m. Jun. 1691, p. 288. Sed monitus diversam esse rationem 
fluidi impellentis, ac solidi ponderis juxta eandem directionem 
trahentis vel prementis, mox sententiam mutavit, intuensque 
velum ceu linteum liquore aliquo impletum, indagare coepit 
qusenam ejus curvatura foret, si pressio fluidi linteo communi- 
caretur secundum directionem horizontal^m sive verticalem; 
harum enim hypothesium alterutram veram esse persuasum 
habebat: et cum ne hoc quidem probarem, existimabat saltem 
lintei hujus, si non veli, curvaturam se dedisse; donee ego, 
paulo post apertius me explicans, hanc fluidorum naturam esse 
perhiberem, ut pressionem communicent, nee secundum hori- 
zontalem, nee verticalem ; sed secundum lineam corpori impulse 
in quovis impulsus puncto perpendicularem ; hac tamen cum 
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differentia^ quod ubi fluidum motum suum post impulsum 
potest prosequi, partem tantum virium in premendo corpore 
impendat ; si vero stagnat alicubi, nee habet quo evadat, omnes 
suas vires in illud transfundat : hinc velum concipiendum instar 
funis ab infinitis potentiis sequalibus, aut inaequalibus, tracti 
yel impulsi, quae cum sint aequales, manifestum esse formari 
circulum, quemadmodum etiam per calculum inveneram, eoque 
in hjrpotheseos assumptse veritate prorsus confirmabar. Interea 
dum ille, sub finem anni 1691, Parisios se confert, transmuto 
proportionem banc d^x : dx:: dy^ : fdy^, in aequalitatem ads d*x 
= rfy*, indeque ope methodi cujusdam, quam pro secundis 
differentiis ad primas reducendis paulo ante excogitaveram, 
Funiculariam elicio; mox etiam sequationem tecta solutione 
Fratri Lutetiam mitto, visurus num et sua hue pertingeret.* 
Is vero rem sibi successisse videns, atque jam factus cupidior 
sciendi, quomodo ad banc ©quationem pervenerim, denuo ad 
Veli contemplationem redit, nee cessat, donee animadverterit, 
artificium in hoc uno consistere, ut singular impulsuum direc- 
tiones in duas alias, horizontalem puta et verticalem resolvantur. 
Nee mora, protinus inventum prselo committit, ac m. April. 1692, 
Ephem. Gallicis curat inseri, et quia se solum Problema absol- 
visse putabat, me de plenaria resolutione desperasse scribit, 
nescius quod illam jam prsecedente Martio una cum Regulis 
usum inventi concernentibus Lipsiam misissem. Corrigere 
etiam postea voluit curvaturam suam lintei liquore adimpleti, 
novamque D. Marchioni Hospitalio solutionem exhibuit, sed 
earn etiamnum erroneam et a mea diversam. Hanc enim 
eandem esse cum Elastica, non minus atque Velariam cum 
Funicularia, constanter sentio; et quod certum veritatis indi- 
cium esse potest, identitatem hanc, quam initio ex speciali 
natura curvarum prolixiore analysi collegi, nunc absque omni 
fere calcido duabus lineis ostendo." 

The deduction of the equation ads d*x = rfy' from the pro- 
portion d'x : dx :: dy^ : fdy^ may be effected in the following 
manner. Since d^x is to its integral dx as e/y' to its integral 



* The axes of x and y here adopted are the same as those of y and x in the 
solution of the problem given above. 
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Jdi^y d^x will be proportional to rfy', and therefore, the homo- 
geneity being regarded, we have the equation adsd^x = dtf^ : for 
a and ds are both regarded as constants. Jacobi Bernoulli, Opera, 
torn. I. p. 654, Note. For additional information with regard 
to the Lintearia and Velaria, the reader is referred to the Opera 
Jacobi Bernoulli, torn. i. pp. 481, 576, 639; torn. ii. p. 882; 
and to John Bernoulli's Lectiones MathematiccBy Lect 43, 44 ; 
Opera, torn. iii. p. 510, 512 ; Probleme des Isoperimetres, Opera, 
torn. I. pp. 224, 227, 377, 431 ; Mancewore des Vaisseavx, 
Opera, torn. ii. p. 95. 

12. To find the form of a solid of revolution that the resist- 
ance in moving through a fluid in the direction of its axis, the 
resistance being supposed to take place according to the law of 
the square of the velocity, may be a minimum.* 

If the axis of revolution be taken as the axis of x, the form 
of the generating curve will be defined by the two simultaneous 
equations 3c c c , 

X^ ; + 1+- l0g» + C, 

8p* 2/ 2 ^^ 
c(l+/>7=2y;>^ 

where c, c , are constants and p represents -j- . The equation 

ax 

to the curve would result from the elimination, were it possible, 

of/? between these two equations. 

Woodhouse : Isoperimetrical Problems, p. 115. 

Airy: Mathematical Tracts, p. 237. 

The form of the curve is indicated in the diagram (fig. 60). 
It consists of two infinite branches terminating in a cusp at B, 

IT 

the tangent at which is inclined at an angle of — to the axis of 

revolution. 

The conception and solution of this problem are due to 
Newton, by whom the property of its tangent, as expressed 
by the equation ^(X ^ // = 2yp\ 

* This is the earliest problem on record offering an example for the appli- 
cation of the Calculus of Variations. 
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was enunciated in a geometrical form, although without the 
demonstration, in his Principiay tom. ii. p. 269. In the year 
1699, an analytical solution of the problem was given by Fatio, 
at the end of a treatise, published in London, * De murorum 
inclinatione fructiferas ad arbores stistinendas benigniorique Soli 
pstendendas aptissima,^ His analysis, however, was in the 
highest degree complicated, and in fact he arrived only at the 
expression for the radius of curvature and second differentials. 
A copy of Fatio's treatise having been presented by the author 
to L' Hdpital, this philosopher succeeded in obtaining a much 
more simple solution of the problem, whence he deduced both 
the construction of the curve and the property of its tangent 
discovered by Newton. L'HopitaPs researches on this subject 
were published in the Acta JEruditorum for the year 1699, 
p. 354, and in the M^oires de VAcadimte des Sciences de 
Paris, for the same year, p. 107. John Bernoulli, dissatisfied 
as well as L'Hopital with Fatio's solution, gave one nearly the 
same as the one by L' Hopital ; (see Acta Eruditorum, for the 
year 1699, p. 514, and for the year 1700, p. 208), and could 
not refrain from boasting of his facility in doing so : " Hoc 
enim problema tantsB facilitatis deprehendo, ut ad ejus solu- 
tionem nullo prorsus calculo fuerit mihi opus: nam charta et 
calamo destitutus, et in lecto decumbens, solius imaginationis 
ope plenarie id solvi." Fatio afterwards resumed his consider- 
ation of this problem and published an ingenious memoir 
entitled " SoUdi rotundi minime resistentts investigatio ex Fer- 
matii doctrina refractionum,^^ in the Acta Eruditorum for 1701, 
p. 135. In the year 1713 he inserted in the Philosophical 
Transactions of London a memoir, in which he deduces New- 
ton's property of the tangent from the equation of second 
differentials, at which h« had arrived in the year 1699. The 
reader may consult also a memoir on this subject by M. De 
Saint- Jacques De Silvabelle, in the Memoires de Mathimatique 
et de Physique Pr^sentis d V Academic , tom. iii., ann. 1760. 
Bouguer, in his Traits du Navire, liv. iii. sect. 5, has con- 
sidered this very general problem, ' Une base qui est expos^e 
au choc d^unjluide Hant donnee, trouver V espace de condide dont 
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ilfautla couvrtTy pour que F impulsion soit la moindre qu^il est 
possible,^* 

13. JiaO'A" (fig. 61) is a vertical and OO'B'B' a hori- 
zontal plane, and A'OBj A"(y'B'y are two vertical planes at 
right angles to the two former : between these four planes there 
is a quantity of fluid, of which the free surface is A'A"B'By 
kept in equilibrium by a current of air flowing at right angles 
to the plane-4' O'O"-^" : to determine the form of the free surface. 

Let A OB A be a section of the fluid made by a plane parallel 
to A' OB or A'a'B'. Take P any point in the curve AB 
and draw PM at right angles to AO. Let AM= Xy PM^ y, 
arc AP = Sy V = the velocity of the current of air, p = the 
density of the fluid, and a = the density of the air. Then, for 
the equilibrium of the fluid, we have 

dp = pgdxy 
p = pgx + C, 

where C is an arbitrary constant. 

But, at the point P, the pressure due to the action of the air 
is equal to 

Hence, | crt?' — = pgx + (7, 

or, c denoting a constant, 

(TV 

2: + c = 



' dx" 



(Tlf 



2pff ' ds* * 



Putting — = 2«, we have 

X + c=^ 2a^^; 
ds" 

whence, by the relation cfe* = dx^ + dt/^y we get 

, , f2a-(a; + c)1i 
dy = dx < ^^ -> 

I X -\- c J 

^dx 2a-(^ + c) 



{2a(x + c)'-(x-^cf}h' 

* Memoirea de I* AcadSmie des Sciences de Paris, 1733, p. 85. 

p2 
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the integral of which is 

r dx 

= {2a (a; + c) - (a: + c)'}* + a vers"* + C y 

C being an arbitrary constant : the form of the curve is there- 
fore a cycloid. If A be at the highest point of the curve, 
C =■ and c = 0, and the equation is 

y = (2a:c - a?^ + a vers* - . 

a 

The radius of the generating circle is given by the equation 



a = 



at) 



^P9 

Euler has considered this problem also on other hypotheses in 
regard to the action of fluids incident obliquely. 

Euler : De figura qvxim venttis fluido stagnanti indttcere 
valet. Acta Acad, Petrop. ann, 1777, p. 190. 

14. A parabolic lamina is placed in a stream flowing parallel 
to the axis of either of its faces ; first with its vertex opposed to 
the stream, and secondly with its base : to compare the magni- 
tudes of the two resultant pressures. 

If P denote the pressure in the former and Q in the latter 
case, 4m be the latus rectum, and y the extreme ordinate of 

either face, «. 

ten-* -?- 
P 2m 

2m 

James Bernoulli: Acta M^uditorum, Lips, 1693, 

p. 253, Art. 4. 
Herman: Phoronomta, p. 247. 

15. A lamina, in tjie form of a segment of a circle, moves 
through a fluid in the direction of its axis, first with its vertex 
and next with its base foremost : to compare the resistances in 
the two cases. 
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If JB denote the resistance in the former case and B! in the 
latter, then, Z> denoting the diameter of the circle and C the 
length of the chord of the segment, 

James Bernoulli : Act Erudit Lips. 1693, p.. 252, Art. 3. 
Herman : Phoronomia, p. 247. 

16. A lamina, in the form of a complete cycloid, moves 
through a fluid in the direction of its axis, first with its vertex 
and next with its base foremost : to compare the resistances in 
the two cases. 

The resistance in the former case will be to that in the latter 
as 3 to 4. Herman : Phoronomia, p. 249. 

17. To compare the resistance on a sphere placed in a stream 
with that on a circular plate of the same radius placed at right 
angles to the stream. 

Resistance on the sphere = half that on the plate. 
Newton : Principia, lib. ii. Prop. 34. 
Bossut: Traits d* Hydrodynamique, tom. i. p. 439. 

18. A solid segment of a sphere moves through a fluid in the 
direction of its axis, first with its vertex and next with its base 
foremost : to compare the resistances in the two cases. 

If It, 22', be the resistances in the former and latter case 

respectively, r the radius of the sphere and y the radius of the 

base of the segment, 

BiHiir'-ly'ir'. 

Herman : Phoronomia, p. 248. 

19. A segment of a paraboloid of revolution moves through 
a fluid in the direction of its axis, to which its base is perpendi- 
cular, first with its vertex and n.ext with its base foremost : to 
compare the resistances in the two cases. 

If y denote the diameter of the base, and I the latus rectum 
of the generating parabola, the resistance in the former case 
will be to that in the latter in a ratio denoted by the expression 




Herman : Phoronomia, p. 248. 
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20. To determine the resultant resistance on a spheroid 
moving through a fluid in the direction of its axis. 

If 2a, 2b, be the axes of the generating ellipse, of which the 
former is the axis of revolution, and v be the velocity of the 
spheroid, the required resistance will be equal to 

irpv^b* 
20 






21. To determine the velocity of the wind, blowing horizon- 
tally, when it is just able to overturn a given circular cylinder 
standing on a horizontal plane and prevented from sliding. 

If V represent the velocity and p the density of the wind, 
TV the weight and I the length of the cylinder. 



V = 



pF • 



22. A semicircular arc, of which the radius is a, vibrates 
about an axis through one extremity and perpendicular to its 
plane, which is vertical, in a medium where the direct resistance 

on an element ds of the arc would be equal to Xo ^-j— > ^ ^ were 

k 

the normal velocity of cfe, X denoting the area of a transverse 

section and p the density of the arc : to find the length of the 

isochronous simple pendulum. 

The length of the isochronous simple pendulum is equal to 

27ra 



( 215 ) 
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CHAPTER IV. 



MOTION OF SOLID BODIES ACTED ON BY FLUIDS. 



Section I. 
Finite Vertical OsciUatiom in Incompressible Fluids, 

In the solutions of the class of problems which form the 
subject of this section we shall confine our attention to the 
motion of floating bodies as subject to the mere statical pressure 
of the circumambient fluid, without taking account of the 
modification of the effect of such pressure which arises from the 
resistance and inertia of the fluid. It will easily be imagined 
that, such an hypothesis being adopted, the investigation of the 
motion of floating bodies will be of little value except as afford- 
ing analytical exercise, and that the results obtained will be 
entirely at variance with the experiment. The premises which 
form the basis of this section are chosen merely to simplify 
the algebraical formulae which on any true hypothesis would 
ordinarily be so complicated as to present insuperable difficulties 
to the analyst. 

1. A solid cylinder of given length is pressed down in a 
vertical position into a fluid, so that its upper end is on a level 
with the surface, the specific gravity of the cylinder being one- 
half that of the fluid : the pressure being removed, to find the 
greatest height to which the upper end of the cylinder will rise 
above the surface of the fluid. 

Let X denote the height of the upper end of the cylinder 
above the surface of the fluid after any time t from the com- 
mencement of the motion ; 2a the length of the cylinder ; /c the 
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area of its base^ p the density of the cylinder. Then^ for the 
motion of the cylinder, we have 

2aKp -7^ « K{2a - x). 2gp - 2agpK, 

a^^gia^xl 

o ^ (a; - a) + gix - a)= 0. 
The integral of this equation is 

a:-o = ^ sin if? J ^ + /3l, 

A and /3 being arbitrary constants. But, initially, x = and 

-- = : hence - a = -4 sin j3, 
at 

= a[^\ cos /3, 

and therefore a; = a 1 - cos ^f - j t\\, 

dx 

When the cylinder arrives at its greatest altitude, ;^ = ^ • 

or * = TT - , 

\9J 
and X = 2a. 

Thus, after a time ^ ( - J , the cylinder arrives at its greatest 
altitude, just rising out of the fluid. 

8. A solid cylinder, resting in a fluid which is contained in 
a hollow cylinder with the same vertical axis, is thrust vertically 
downwards ; to ascertain the period of an oscillation. 

Let r, r', be the radii of the solid and of the hollow cylinder 
respectively ; p the density of the solid cylinder and p of the 
fluid. Also, let x represent the altitude of the base of the solid 



t 
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cylinder and si of the surface of the fluid, above the base of the 
hollow cylinder, at any time t Then, for the motion of the 
oscillating cylinder, there is 

^P -^^99 (P^' '^)-9P^ (!)• 

But, (? denoting the volume of the fluid, 

m^^x' - Trr* {z' - a?) = c'. 



From (1) and (2) we have 

de ' ph 
and therefore the period of oscillation is equal to 









S. A solid, the surface of which is generated by the revolur 
tion of the curve 



1,1 
yccx^ 



round the axis of x, floats in a fluid with a portion h of its axis 
immersed : to And how much the solid must be depressed, that 
it may, on its return, just emerge from the fluid. 

The required depth of depression is equal to 

1 

4. A sphere, of specific gravity, p is immersed in a fluid of 
speciflc gravity p', the depth of the centre of the sphere below 
the surface of the fluid being equal to n times its radius : sup- 
posing the sphere to be allowed to ascend, to find the values 
of n, first, that it may rise just half out^ of the fluid, and, 
secondly, that it may rise just entirely out. 

The two required values of n are 

— 7-^ r and , . 

16(p -p) p -p 
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5. A hollow cylinder, closed at one end, is depressed ver- 
tically from the atmosphere into a fluids the open end down- 
wards^ so that the closed end is in the surface of the fluid ; the 
pressure being then removed, and the height (A) of the cylinder 
being so small, compared with the height (h') of a column of the 
fluid the pressure of which is equal to that of the atmosphere, 

that l-\ may be neglected : to find the position of the 

cylinder when it has risen to its greatest altitude. 

If m denote the mass of the cylinder, m' of a volume of the 
fluid equal in bulk to that of the cylinder, and x the depth of the 
lower end of the cylinder below the surface just as the cylinder 
arrives at its greatest altitude, 

^ ° 5%^ •(*"*■ *')• 

fnn 

6. Two cylindrical weights with vertical axes, which are con- 
nected together by a fine inextensible string passing over a pully 
without inertia, are in equilibrium, a portion of one of them 
being immersed in a vessel full of fluid ; supposing the surface 
of the fluid to sink uniformly, to determine the period of the 
oscillatory motion assumed by the weights relatively to the 
surface of the fluid. 

If P be the weight, a the density, and h the length of the 
cylinder which is partially immersed in the fluid, Q the weight 
of the other cylinder, and p the density of the fluid, the required 
time will be equal to 



Section II. ^ 

Motion of bodies subject to the action of Aeriform Fluids. 

1. A heavy piston descends by its own weight in a smooth 
closed cylinder, into which it just fits and which is filled with 
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atmospheric air, the axis of either cylinder being vertical: to 
determine the velocity of the piston in any position, its lower 
end being supposed to be initially in contact with the upper 
extremity of the cylinder. 

Let m denote the mass of the piston, p the pressure of 
atmospheric air on a unit of area, a the radius of the cylinder 
or piston, v the velocity of the piston when its lower end is at 
a distance x from the bottom of the cylinder ; h the initial value 
of X, when the air in the cylinder is in its ordinary state of 

density. Then, for th« motion of the piston, observing that p - 

X 

is the value of the elasticity of the air corresponding to any posi- 
tion of the piston, we have 

dv oh 

mv ^- = wa p — moy 
ax X 

whence, integrating, we obtain 

mv^ = C+ 27rpa^hlogx - 2mgx, 

C being an arbitrary constant. Now, v is equal to zero when 
z is equal to A, and therefore 

= C + 27rpa^h log h - 2mgh ; 

hence v^ = — — — log y + 2^ (A - x), 

m h 

which determines the velocity required. 

2. A piston of given mass is placed at a certain distance from 
one end of a horizontal cylinder, and the space between that 
end and the piston is suddenly filled with sufiicient steam 
to produce a given pressure upon the end of the piston as soon 
as the steam is completely enclosed : to find the velocity of the 
piston at any distance from its original position, the friction 
being neglected, and to ascertain what velocity would be 
destroyed by a very slight friction. 

Let m denote the mass of the piston, a its initial distance 
from the end of the cylinder in contact with the steam, P the 
initial pressure of the steam on the whole end of the piiston. 
The pressure of the steam upon the end of the piston when 
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altitude to which the lower end of the piston will ascend from 
the bottom^ will be defined by the equation 

2log-=--l. 
a a 

4. A balloon starts from the surface of the earth: if D 
represent the density of the air at the surface of the earth, and 
B the mean density of the baUoon, to determine the motion 
of the balloon, B being nearly equal to JD, and k denoting the 
constant ratio of the pressure to the density of the atmosphere. 

If X denote the number of feet in the altitude of the baUoon, 
at the end of t seconds, above the surface of the earth, 

whence we see that the balloon will oscillate through a vertical 

space — (1 - ^r I feet, and perform the oscillations in — ( -^] 
9\I>) 9 \I> ) 

seconds. 



Section III. 

Small OsciUations of Flocding Bodies. 

The principal questions relative to the oscillations of bodies 
floating on fluids were investigated successively and at different 
times by Daniel Bernoulli,* Euler,t D'Alembert,J and Bossut.|| 
The solution of the general problem of the coexistence of 
the angular and vertical oscillations of a floating body, sym- 
metrical with regard to a vertical plane, which we have given 
in this section, is due to Mr. Greathead, by whom it was 
inserted in the Cambridge Mathematical Journal, for November, 

* Commentarii Academue ScierUictrum PetropolitavuBf 1739, p. 100. 

t ScierUia Na/vaXia seu TrcuJttUua de Construendia <xc dirigendis Navibus, 1749. 

X Essai d*une NouveUe theorie de la Risistance dea flutdea, chap. ti. 1752 ; and 
Opuacidea Matlt^mcUiqueaf torn, i.; TroiaiSme Memoire : 1761. 

II Sur Varrimage dea Vaiaaeaux, Prix de TAcademie dea Sciencea de Parian 
1761, 1766. 



2SS MOTION OF SOLID BODIES ACTED ON BY FLUIDS. 

1838. For the investigation of the laws of the small oscillations 
of a floating body^ under the most unrestricted circumstances of 
form and initial disturbance^ the reader is referred to a Memoir 
by M. Molins^ published in Liouville's Joumai de Mathema* 
tiques, Tome trotsthne, ann^e 1838. 

1. A straight thin rod ABy (fig. 62)^ of uniform thickness^ 
consists of two equal lengths A C, CB : the density of the lower 
portion BC is double of that of the higher portion AC: sup- 
posing this rod to be almost totally immersed^ at a slight incli- 
nation to the vertical, in a fluid of which the density is just 
greater than three halves of that of the upper portion of the 
rod, to find the length of a simple pendulum which will vibrate 
isochronously with the angular oscillations of the rod. 

Let C be the centre and G the centre of gravity of AB. Let 
AB «= a, CG =^ b, 6^ the inclination of AB to the vertical, Jtf* = 
the mass of the rod, k = its radius of gyration^about G, k = the 
area of a section of the rod, p = the density of A C. 

Then the action of the fiuid on the rod will be equivalent to 
a vertical force through C nearly equal to § aKpg, and therefore, 
for the motion about G, 

Mi? -r^ = - J sin . J aKpg, 

= - 5 abKpgd, nearly. 

But, if we suppose every element of AC said half of every 
element of BC to be condensed at (7, it is plain that the centre 
of gravity of AB will not be aflected ; hence 



V 



i = 



lax , ^a a 



(p + 2p).laK 12' 
We have, therefore. 

Let Aj denote the radius of gyration of the rod AB about C; 

then r^ 

Mk^ = K (p + 2/j) J r^dr 
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and therefore Ml^ = I icpa' - M . 7-— -5 

» ^ (12/ 

3 f 1 3 1 

= '^^^ is " 20^1 

The equation of motion becomes, therefore, 

^^ + — ^ 0=0. 
de 11a 

This result shews that the length of the required pendulum 
will be equal to |^ a. 

Daniel Bernoulli : De Motibus osciUatoriia cat*porum humido 
insidentium; Comment, Acad. Petrop. 1739, p. 106. 

2. A body, which is symmetrical with regard to a vertical 
section, executes small oscillations in a fluid in such a manner 
that the motions of all the particles of the body take place 
parallel to the vertical section : to determine the nature of the 
vertical and angular oscillations of the body, the centre of 
gravity of the plane of floatation, when the body is at rest, not 
lying in the vertical line through the centres of gravity of the 
body and the fluid displaced. 

Let AB (fig. 63) be the projection, on the plane of symmetry, 
of the section of the body which, when the body is in equi- 
librium, constitutes its plane of floatation : let C be the centre of 
gravity of the plane AB^ ah the projection of the plane of float- 
ation at any time t. Draw a'V parallel to aJ, through C. Let 
G be the centre of gravity of the body, jB'that point of the body 
which, when the body is at rest, coincides with the centre of 
gravity of the fluid displaced. Let x be the vertical distance of 
the centre of gravity of the body below its place of rest at the 
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time t, the angular deviation from the position of equilibrium. 
Then the equations of motion are 

M^ = (M-M')g (1), 

M^^j^M'y.g (2), 

M being the mass of the body, M' that of the fluid displaced, 
viz. aDb, y the horizontal distance of the centre of gravity of 
the fluid displaced from O at the time t^ parallel to ba, MJ^ 
the moment of inertia of the body about a line through G at 
right angles to the section of symmetry. 

We must express M* and M'y approximately in terms of x 
and B. Produce HO to h : the line HGh will of course be at 
right angles to AB : draw Ck vertically. Let K = the area of 
the section AB, a = Ch^ a = LCOhy p = the density of the 
fluid. 

Then the distance of 6? below the surface 

= est + (76? sin QCb' ^ Ck ^ CQ cos (a - d) 

= CA + CO (cos a + sin a), nearly, 
= CZ; + CO cos a + a0 : 

but, when the body is floating at rest, the depth of O is equal to 

CO cos a: hence, x being the difference between these two 

depths, 

X =^ Ck ■{- ad. 

Again, X denoting a small area at a point P in the section o'C8', 
z the length of a perpendicular upon it, cut off by the section 
A CBy and x^ the distance of \ from a line through C, at right 
angles to the plane of symmetry, we have 

M' = mass of ADB - /oS (\z) + mass of aa'b'by 

S denoting summation for the two wedges ACd ^ BCb\ in the 
former of which z is positive, in the latter negative ; or 

M' ^M- pO^ (kx,) + pK . Ck, nearly, 

= ilf - pes {Xx^) + pK{x - aO) : 
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but, C being the centre of gravity of the area A CB, and there- 
fore approximately of the area a'Cb', ^(\x^) = ; hence 

We have therefore, from (I), 

M^ = -gpE(x^ae) (3). 

Again, the action of the fluid aDb on the body is equivalent 
to that of aa'b'b together with that oia Db*^ 
Now the moment oi aa'b'b about G 

= gpK, Ck . CO cos GCb'y nearly, 

= gpK, (z - aO) . a, nearly, 

and tends to twist the body in the direction of the arrows in the 
figure. Also, the moment of the fluid a'Db' about G, if 
HG = J, and c = the projection of CG on Cb', is equal to 

Mgbd - gp^ .\z{x^ + c), 

in the direction of the arrows, the 2 being supposed to extend 
to the two wedges ACa'y BCV, in the former of which, z and x 
are positive, in the latter, negative ; or the moment of the fluid 
a'Db' is equal to 

MgbO - gpB^\x^{z^ + c), nearly, 

= MgbQ - gpe SX^^* - cgpQ S (Xx^), 

and therefore, S (XarJ being nearly zero, since the centre of 
gravity of the area ACB and therefore aproximately of the area 
a'Cb' is at (7, we see that the moment of a'Db' 

= g9 {Mb - pS {\xf)] = gd {Mb - pi), 

where / denotes the moment of inertia of the area a'b', or, which 
is approximately the same, of the area ACB about the line 
through C which cuts the section of symmetry at right angles. 

Thus M'y .g = gpK (a; - afl). a + g9 {Mb - />/). 

We have therefore, from (3) and (2), 

Q 
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which are two linear differential equations which may easily be 
integrated. 

Assume, for the sake of simplicity, 

gpK , p(I+Ka')-Mb . 

then -rs- + »»'(« - <^9) = 0, 

or 

Assume x - AQiD.(fit + e), = /3 sin (fit + g) : 

then - -4/a' + f»* (-4 - a/3) =0, or -4 (m* - /a') = a/3m' ; 

and -p/-^(^-^).0, 

" (=^- "■) ■ ¥ -* ' 
whence, eliminating ^ and j3, 

Let /Ltj', /Ltg', be the two values of /a' deducible from this 
equation : then, A^y -4^, /3,, /S^, c,, e^, being arbitrary constants, 

x= A^ sin (/Aj^ + £,) + A^ sin (/a,^ + e,), 

e = /3, sin Oi^ + Cj) + /Sa sin O,^ + e^, 

by which equations the motion is completely determined. 
It must be observed that 

ma ma 

Cob. Suppose that the centre of gravity of the plane of 
floatation, when the body is at rest, lies in the vertical line 
through O and H. Then, putting a = 0, the two differential 
equations degenerate into 

d^x qpK 
d'9 



ae-^m^'-'^^'-'' 



".K 
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the integrals of which are 

the period of the vertical and angular oscillations being respec- 
tively /"J^Y 7r(JiX;')4 

The amplitudes A and j3 of the oscillations are independent of 
each other, and their periods are different. Such, it may be 
observed, is not the case under the more general form of the 
problem, where x and d both involve two terms of periods 

— and — , the amplitudes A^, fi^, and -4j, jS^, being not inde- 

pendent of each other. 

8. A paraboloid of revolution, with its axis vertical and 
vertex downwards, is oscillating in a fluid; having given the 
period of its small oscillations, to determine the depth of its 
immersion when it is in a position of rest. 

If V denote the volume of the fluid displaced by the para- 
boloid in a position of rest, K the area of its plane of floatation, 
and X the distance of the centre of gravity of the paraboloid 
below its place of rest at the end of any time t; then, observing 
that Jf is equal to p V, we have 

Let a represent the length of the axis immersed, when the 
body is at rest : then, the volume of a paraboloid of revolution 
being equal to one-half of its circumscribing cylinder, 

and therefore --t- + J- a; = o, 

:i: = ^sin0)S+s|, 
A, £, being arbitrary constants. 



where y' ^ -—\ and therefore 



= — fY 



i + ^U»rf. 



^, (Sh' + c') . I* = ^cA (3A' + c'). 



4 
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If T denote the time of an oscillation^ 

TT 

4. An isosceles triangle floats in a fluid with its vertex down- 
wards; supposing the triangle to experience a slight angular 
displacement about a line perpendicular to its plane, to find the 
period of its small angular oscillations. 

Let ABC (&g, 64) be the triangle, with its axis CD vertical; 
let Gy H, be the centres of gravity of the triangle and of the 
fluid displaced respectively. 

The time of oscillation is equal to 

irk 

where k = the radius of gyration of the triangle about a normal ^ 

line through Gy I - the moment of inertia of the line of floata- 
tion about a line through D at right angles to the plane of the 
triangle, b - GH, and V = the volume of the fluid displaced. 
Let AD = c = BD, CD = h. 

Let /' denote the moment of inertia of the triangle about an 
axis through C at right angles to its plane ; then 

/' = ch.k? + ch . qhy = ch (F + Ih') (1). 

Now /' = n^\^ + f) dxdy = r(2^V' + iy") ^^y 

J qJ -y Jo 
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Hence^ from (1), we have 

le = \{Z}^ -f O - %V = ^{Zc^ + A») (2> 

Let d = half the line of floatation : then we shall have 

I-f^/dy^y («)• 

Again^ p denoting the density of the triangle and p of the fluids 

Vp'^chp, F=^ (4). 

P 

But^ by similar triangles^ it is plain that 

c en p 
and therefore ^' ~ ( < ) " • 

hence, from (3), /= gf^^ c' (5> 

Again, by similar triangles, 

cn p 9p 

whence CH=l(^-^ 

3\p 

and therefore b (= HG) ^ CG - CH= §A |l - (^^\ . . . .(6). 

Hence, substituting in the formula for the time of oscillation, 
the values of A, /, F", b, given in (2J, (5), (4), (6), we get 

time of oscillation = ■Hiii^^H^^H_«iMiH_MMB^^HBii^ . 

Encycl. Metrop. Mixed Sc., vol. i. p. 194. 

5. A square lamina of uniform density and thickness is 
floating on a fluid with two sides vertical : supposing the 
lamina to experience a slight angular displacement about a 
line perpendicular to its plane, to find the length of a simple 



ih 
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pendulum which shall vibrate isochronously with the con- 
sequent angular oscillations. 

If a represent the length of a side of the lamina^ p the 
density of the fluids and p of the lamina ; then^ j^ denoting the 
length of the required pendulum^ 

pp' - epp + 6p" ' 

Daniel Bernoulli : De Motibus osciUatoriia corparum 
humido insidentium ; Comment. Acad. Petrop. 
1739, p. 106. 



THE END. 
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Conducted by several Fellows of St. John's College, Cam- 
bridge. To be followed by a Commentary on other parts 
of the New Testament. Preparing, 



A HISTORICAL and EXPLANATORY TREA- 
TISE on the BOOK of COMMON PRAYER. By the 
Rev. W. G. HUMPHRY, B.D., FeUow of Trinity CoUege. 
Cambridge, and Examining Chaplain to the Lord Bishop 
of London. Preparing, 



The HISTORY and Theology of the "THREE 

CREEDS." By the Rev. William Wioan HARVEY, 
M.A., Rector of Buckland, Herts., and late Fellow of King's 
College, Cambridge. Preparing, 

An EXPOSITION of the XXXIX ARTICLES, 

derived from the Writings of the Older Divines. By the 
Rev. W. B. HOPKINS, M.A., FeUow and Tutor of St. 
Catharine's Hall, and formerly Fellov of Caius College, 
Cambridge. Preparing. 



The ROMAN CATHOLIC DOCTRINE of the 

Eucharist Considered, in Reply to Dr. Wiseman's Argument, 
from Scripture. By THOMAS TTJRTON, D.D., some time 
Regius Professor of Divinity in the University of Cambridge, 
and Dean of Peterborough, now Bishop of "Ely, A New 
Edition. Preparing. 

John Deighton, 
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A TRANSLATION of the EPISTLES of CLE- 

MENT of Home, Polycarp, and Ignatius; and of th« 
Apologies of Justin Martyr and Tertullian : with an Intro- 
duction and Brief Notes Ulustrative of the Ecclesiastical 
History of the First Two Centuries. By the Rev, T. 
CHEVALLIER, B.D., late Fellow and Tutor of St. Catha- 
rine's Hall. New Edition. 8yo. 12«. 



LITURGI^ BRITANNICjE; Or the several 

Editions of the Book of Common Prayer of the Church of 
England, £rom its compilation to the last reyision ; together 
with the Liturgy set forth for the use of the Church of 
Scotland ; arranged to shew their respective variations. By 
W. KEELING, B.D., FeUow of St. John's CoUege, Cam- 
bridge. Second Edition. 8vo. 16«. 

A HISTORY of the ARTICLES of RELIGION. 

Including, among other Documents, the X Articles (1536), 
the XIII Articles (1638), the XLII Articles (1652)', the 
XI Articles (1559), the XXXIX Articles (1562 and 1571), 
the Lambeth Articles (1596), the Irish Articles (1615), wi^ 
Illustrations from the Symbolical Books of the !Roman and 
Reformed Communions, and from other contemporary sources. 
By C. HARD WICK, M.A.. Fellow and ChapW of St. 
CJatharine's Hall. 8vo. 10a. 6<^. 

A Discourse on the STUDIES of the UNIVEE- 

SrrY of CAMBRIDGE. By A. SEDGWICK. M.A., 
F.R.S., FeUow of Trinity CoUege, and Woodwardian Pro- 
fessor, Cambridge. The Fifth Edition* with Additions and 
a copious Preliminary Dissertation. 8vo. 12«. 

PALMER'S ORIGINES LITURGICJE, an Ana- 

lysis of; or, Antiquities of the English Ritual; and of his 
Dissertation on Primitive Liturgies : for the use of Student« 
at the Universities, and Candidates for Holy Orders, who 
have read the Original Work. By W. BEAL, LL.D., 
F.S.A., Vicar of Brooke, Norfolk. 12mo. 3«. 6rf. 

The GREEK TESTAMENT: with a CriticaUy 

Revised Text ; a Digest of various Readings ; Marginal Re- 
ferences to Terbal and Idiomatic Usage ; Prolegomena ; and 
a Critical and Exegetical Commenteury. For the iise of 
Theological Students and Ministers. By H. ALFORD, 
M.A., Vicar of Wymeswold, Leicestershire, and late Fellow 
of Trinity College, Cambridge. Vol. I. £ 1 4«. 

Vol. IL in the Press. 

Canteidg^. 
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Annotations on the ACTS of the APOSTLES- 

Designed principally for the use of Candidates for the Or' 
dinary B.A. Degree, Students for Holy Orders, &c., with 
College and Senate-House Examination Papers. By T. R. 
HASKEW, M.A., of Sidney Sussex College, Cambridge; 
Head Master of the Grammar School, Dorcmester. Second 
Edition, enlarged. l2mo. 68, 

ALTAE SERVICE. With the Rubrics, &c., m 

Red. Royal 4to. In Sheets, 12«.; calf, lettered and Re- 
gisters, 11, U, BIBLES, PRAYER-BOOKS, & CHURCH 
SERVICES, printed at the TJ^versity Pre8s> in a variety 
^of Bindings. 



By the Rev. J. J. BLUNT, B.D., 

Margaret Professor of JHvinity. 

FIVE SERMONS, Preached before the University 

of Cambridge. The first four in November 1845, the fifth 
on the General Fast-Day, Wednesday, March 24, 1847. 

8vo. 6s, 6d, 

FOUR SERMONS, Preached before the University 

of Cambridge in November 1849. 

1. The Church of England, Its Communion of Saints. 

2. ' Its Title and Descent. 

3 Its Text the Bible. 

4 Its Commentary the Prayer Book. 

8vo. 5«, 

FIVE SERMONS, Preached before the University 

of Cambridge : the first four in November, 1851 ; the fifth 
on March tiie 8th, 1849, being the Himdred and Fiftieth 
Anniversary of the Society for Promoting Christian Know- 
ledge. 8vo. 6s. 6d, 

BURNEY PRIZE for the Year 1848. 

By I. TODHUNTER, M.A., FeUow of St. John's College, 
Cambridge. 8vo. 4«. 

BURNEY PRIZE for the Year 1849. 

By A. J. CARVER, B.A., Fellow and Classical Lecturer 
of Queens' College, Cambridge. 8vo. 4«. 

SANCTI PATRIS NOSTRI JOANNIS CURY- 

SOSTOMI Homilise in Matthseum. Textum ad fidem 
codicimi MSS. et versionem emendavit, prsecipuam lectionis 
varietatem adscripsit, annotationibus ubi opus erat, et novis 
indicibus instnmt F. FIELD, A'.M., Coll. SS. Trin. Socius. 

3 vols. 8vo. 2k 2s,; la&oe fa.fbk, 42. As, 

John Peighton, 



F(yr the Tear 1851. On Scripture : its Intention^ Authority, 
and Inspirationi. By J. A. FK£RE| M.A., Fellow and 
Tutor of Trinity College, Cambridge. 8tq. seioe^, 4a. 

Cambridge. 
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Bp. BUTLER'S Three SERMONS on HUMAN 

KATURE, and Dissertation on Virtue. Edited by W. 
WHEWELL, D.D., Master of Trinity College, Cambridge. 
With a Preface and a Syllabus of the Work. 2nd Edition. 

Fcp. 8vo, 35. 6fl?. 

Bp. BUTLER'S Six SERMONS on MORAL 

SUBJECTS. A Sequel to the " Three Sermons on Human 
Nature." Edited by W. WHEWELL, D.D., with a Pre- 
face and a Syllabus of the Work. Fcp. 8vo. 3s. 6rf. 

ACADEMIC NOTES on the HOLY SCRIP- ; 

TURES. First Series. By J. R. CRQWFOOT, B.D., j 

Lecturer on Bivinity in King's ' College, Cambridge ; late • 

Fellow and Lecturer on Divinity in Gonville and Caius 
College. 8vo. 2s, 6d, 



CHRISTIAN ADVOCATE'S PUBLICATIONS. 
By W. H. MILL, D.D., 

Meffius Professor cf Hebrew. 

For the Tear 1840. Observations on tJts attempted Appli* 
cation of Pantheistic Principles to the Theory and Historic 
Criticism of the Gospel. Part I. On the Theoretic Appli- 
cation. - Syo. 69. 6d. 

For the Tear 1841. The Historioal Character of St. 

Luke's first Chapter, Vindicated against some recent Mythical 
Literpreters. 8vo. 4«. 

For the Tear 1842. The Evangelical Accounts of the 

J>escent and Parentage of the Saviour, Vindicated against 

some recent Mythical Interpreters. 8vo. 4«. 

■/ 

For the Tear 1843. The Accounts of our Lord's Brethren 

in the New Testament, Vindicated against some recent 
Mythical Literpreters. 8vo. 4«. 

F<yr the Tear 1844. The Historical Character of the Or- 

cumstances of our Lord's Nativity in the Gospel of St. 
Matthew, Vindicated against some recent Mythical Inter- 
preters. - 8vo. 4«. 



■^ ' » ' 
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The GOSPEL according to St. MATTHEW, and 

part of the first Chapter of the Gospel according to St. Mark« 
translated into English from the Greek, with original Notes, 
&c. By Sir J. CHEKE, formerly Regius Professor of Greek 
and Public Orator in the University of Cambridge. By 
J. GOODWIN, B.D., Fellow and Tutor of Corpus Christi 
College, Cambridge. 8yo. 7«. M. 

PARISH SERMONS. First and Second Series. 

By the Rev. H. GOODWIN, M.A., late Fellow of Gonville 
and Caius CoUege, Cambridge. 12mo. 6«. each. 

CONFIRMATION DAY ; being a Book of In- 

struction for Young Persons how they ought to spend that so-, 
lemn Day, on which they renew the vows of their Baptism, and 
are confirmed by the Bishop with Prayer and laying on of 
hands. By the Rev. H. GOODWIN, M.A., late FeUow of 
Gonville and Caius College, and Minister of St. Edward's, 
Cambridge. Price 6<^. sewed; Sd. stiff wrappers, 

EXAMINATION QUESTIONS and ANSWERS 

on Butler's Analogy. By the Rev. Sir G. W. CRAUFURD, 
Bart., M.A., late Fellow of King's College, Cambridge. 
Third Edition. 12mo. Is. M. 

ECGLESI-E ANGLICANiE VINDEX CATHO- 

XICUS, sive Articulorum Ecclesise AnslicansB cum Scriptis 
SS. Patrum nova CoUatio, cura G. W. HARVEY, A.M., 
Coll. Regal Socii. 3 vols. 8vo. I2s, each. 

ROMA RUIT: The Pillars of Rome Broken. 

Wherein all the several Pleas of the Pope's Authority in 
England are Revised and Answered. By F. FULLWOOD, 
D.D., Archdeacon of Totness in Devon. Edited, with ad- 
ditional matter, by C. HARDWICK, M.A., Fellow of St. 
Catharine's Hall, Cambridge. 8vo. lOs. 6d, 

LECTURES in DIVINITY. Delivered in the 

University of Cambridge. By J. HEY> D.D., as Norrisian 

Professor froml780 to 1795. 3rd Edition. 2 vols. 8vo. U.10«. 

« 

SOME POINTS of CHRISTIAN DOCTRINE, 

ccmsidered with reference to certain Theories recently put 
forth by the Right Honorable Sir J. STEPHEN, K.C.B., 
LL.D., Professor of Modem History in the University of 
Cambridge. By W. B. HOPKINS, Fellow and Tutor of 
St. Catharine's Hall, Cambridge. 8vo. 2s. 6d, 

John DeightoQ, 
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HULSEAN ESSAYS :— For the Year 1845. By 

the Rev. C. BABINGTON, M.A., FeUow of St. John's Col- 
lege, Cambridge. 8vo. 6«.--For the Year 1846. By the 
Rev. A. M. HOARE, M.A., Fellow of St. John's College, 
Cambridge. Svo. 3*. 6rf.— For the Year 1847. By the Rev. 
C. P, SHEPHERD, M.A., Magdalene College, Cambridge. 
Svo. 3».— For the Year 1849. By S. TOMKINS, B.A., 
Catharine Hall, Cambridge. 8vo. 7«. ^d, 

HULSEAN LECTURES, 1861.— The Preparation 

for the Gospel, as exhibited in the History of the Israelites, 

By the Rev. G. CURREY, B.D., Preacher at the Charter- 

• house, and Boyle's Lecturer, formerly FeUow and Tutor of 

St. John's College, Cambridge. 8«. 

PRJELECTIONES THEOLOGICJE: Parseneses, 

et Meditationes in Psalmos IV., XXXII., CXXX. Ethico- 
CriticsB R. LEIGHTON, S.T.P. Editio nova, iterum re- 
censente J. SCHOLEFIELD, A.M., Grsec. Lit. apud Cant. 
Prof. Regio. Svo. 8*. 6d. 

The DOCTRINE of the GREEK ARTICLE 

• applied to the Criticism and Illustration of the New Testa- 
ment. By the late Right Rev. T. F. MIDDLETON, D.D., 
Lord Bishop of Calcutta. With Prefatory Observations and 
Notes. ByH. J. ROSE, B.D. 8vo. 13a. 



By W. H. MILL, D.D. 
FIVE SERMONS on the TEMPTATION of 

Christ our Lord in the Wilderness. Preached before the 
University of Cambridge in Lent 1844. 8vo. 6*. 6rf. 

SERMONS preached in Lent 1845, and on several 

former occasions, before the University of Cambridge. 

Svo. 12«. 

FIVE SERMONS on the NATURE of CHRIS* 

TIANITY, preached in Advent and Christmas-Tide 1846, 
before the University of Cambridge. 8vo. 7». 

FOUR SERMONS preached before the University 

of Cambridge, on the Fifth of November, and the three 
Sundays preceding Advent, in the year 1848. 8vo. 6«. 6rf. 

An ANALYSIS of the EXPOSITION of the 

CREED, written by the Right Reverend Father in God, 
J. PEARSON, D.D., late Lord Bishop of Chester. Com- 
piled, with some additional matter occasionally interspersed, 
fof the use of the Students pf Bishop's College, Calcutta. 
Second Edition, revised and corrected. Svo. 6«. 

Oatobridge. 
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THE THIRTY-NINE ARTICLES, Testimoniea 

and Authorities, Divine and Human, in Confirmation ofl 
Compiled and arranged for the use of Students. By the 
Rev. R. B. P. KIDB, M.A. 8vo. 10«. 6rf. 

NORRISIAN ESSAYS:— For the Year 1843. 

By the Rev. J. WOOLLEY, M.A., of Emmanuel College, 
Cambridge. 8vo. 2«.— For the Year 1844. By the Rev. J. 
WOOLLEY, M.A. 8vo. 2».— For the Year 1846. By 
J. H. JONES, B.A., of Jesus College, Cambridge. 8vo. 
2«. 6«?.— For the Year 1848. By the Rev. J. HAVILAND, 
B.A., of St. John's College, Cambridge. 8vo. 2». 6rf.— For 
the Year 1849. By the Rev. R. WHITTINGTON, B.A;, 
of Trinity College, Cambridge. 8vo. 4«. %d, 

LE BAS PRIZE for 1850.— The Political Causes 

which led to the Establishment of British Sovereignty in 
India. By A. H. JENKINS, M.A., of Christ's CoUege, 
Cambridge. 8vo. 2«. 

LEXICON to the NEW TESTAMENT, a Greek 

and English. To which is prefixed a plain and easy Greek 
Grammar, adapted to the use of Learners. ByJ. FARK-^ 
HURST, M.A. With Additions by the late H. J. Rose. 
A New Edition, carefully revised. By J. R. MAJOR, D.B., 
King's College, London. 8vo. 21«. 

Bp. PEARSON'S FIVE LECTURES on the Acts 

of the Apostles and Annals of St. Paul. Edited in English, 
with a few Notes, by J. R. CROWFOOT, B.D., Divinity 
Lecturer of King's College, Cambridge, late Fellow and 
Divinity Lecturer of Gonville and C&us College, &c. &c. 

Crown 8vo. 4«. 

The BOOK of SOLOMON called ECCLESIASTES. 

The Hebrew Text, and a Latin Version with Notes, Philo- 
logical and Exegetical. Also a Literal Translation from 
** the Rabbinic of the Commentary and Preface of R, Moses 
Mendlessohn, By T.PRESTON, M.A., Fellow of Trinity 
College, Cambridge. Svo. 15«. 

HOR-E HEBRAICjE. Critical Observations on 

the Prophecy of Messiah in Isaiah, Chap, ix., and on other 
Passages of the Holy Scriptures. By the Rev. W. SELWYN, 
M.A., Canon of Ely. 4to. Ss, 

A Treatise on MORAL EVIDENCE, illustrated 

by numerous Examples, both of General Principles and of 
Sjjecific Actions.. By E. A. SMEDLEY, M.A., late Chap- 
lam of Trinity College, Cambridge. 8vo. 7«. ^. 

John Delghton, 
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TAYLOR'S (Bp. Jbrbmt) WHOLE WORKS, 

With Life by Beher^ Reyised and corrected. By the Rev. 
C. P. EDEN, M.A., FeUow of Oriel CoUege, Oxford. 

To be completed in 10 vols. 8yo., 10«. 6<l. each. 



The GREEK TESTAMENT, with EngUsh Notes. 

By the Rev. E. BURTON, D.D. Fourth Edrtion, revised ; 
-with a new Index. 10«. 6J. 



The Apology of TERTULLIAN. With EngUsh 

Notes and a PrefSace, intended as an Introduction to t^e Study 
of Patristical and Ecclesiastical Latinity. Second Edition. 
By H. A. WOODHAM, LL.D., late Fellow of Jesus CoUeee, 
Cambridge. 8vo. 8a. 'od. 



OBSERVATIONS on Dr. WISEMAN'S REPLY 

to Dr. Turton's Roman Catholic Doctrine of the Eucharist 
Considered. By the Right Rev. Dr. TURTON, Lord Bishop 
of Ely. 8vo. 4«. Ocf. 



SERMONS preached in the Chapel of Trinity Col- 
lege, Cambridge. By W. WHEWELL, D.D., Master of 
the College. 10«. 6^. 



The FOUNDATION of MORALS, Four Sermons 

on. By W. WHEWELL, D.D. 8vo. 3*. 6rf. 



An ILLUSTRATION of the METHOD of 

Explaining the New Testament by the early Opinions of 
the Jews and Christians concerning Christ. By the Rev. 
W. WILSON, M. A., late FeUow of St. John'^s ' College, 
Cambridge. New Edition. 8vo. 88. 



Cambridge. 
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FOLIORUM SILVULA : a Selection of Passages 

£:>r Translatioii into Greek and Latin Verse, mainly from 
the University and College Examination Papers ; Edited by 
H. A. HOLDEN, M.A., Fellow and Assistant Tutor of 
Trinity College, Cambridge. Post Svo. 7s. 



FOLIORUM CENTURIiE. Selections for Trans- 

lation into Latin and Greek Prose, chiefly from the TJni* 
▼ersity and College Examination Papers. By the Bey. 
H. A. HOLDEN, M. A. Post Svo. 7f . 



iBSCHTLUS— TRAG(EDLSJ. Recensmt, emen- 

davit, explanavit, et brevibus Notis instruxit P. A. PALEY, 
A.M., olim Coll. Biv. Johan. Cant. 2 vols. Svo. 1^. 4«. 



8,d, 
Oresteia. (Agamenmon, 
Choephori, Eumenides) 7 6 

Agamemnon 4 

Choephori 3 6 

Eomenides %.,,. 3 6 



Or Separately, 

8. d, 

Pers» 3 5 

Prometheus Yinctos ... 40 



Septem contra Thebas, et 

Fragmenta 6 6 

Supplices 4 6 



^SCHYLUS— PROMETHEUS VINCTUS. 

The Text of DINDOEF, with Notes compiled and abridged 
by J. GRIFFITHS, A.M., Fellow of Wadham CoUege, 
Oxford. Svo. 5«. 



iBSCHYLUS— EUMENIDES. 

Hecensuit et illustravit J. SCHOLEFIELD, A.M. 

Svo. 4s. 6d. 



PASSAGES in PROSE and VERSE from 

ENGLISH AUTHORS for Translation into Greek and 
Latin; together with selected Passages from Greek and 
Latin Authors for Translation into English: forming a re- 
gular course of Exercises in Classical Composition. By 
the Rev. H. ALFORD, M.A., Vicar of Wymeswold, late 
Fellow of Trinity College, Cambridge. Svo. 6*. 

JohnDeighton, 
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GEMS of LATm POETRY. With TrMislations, 

selected and illustrated by A. AMOS, Esq., Author of the 
great Oyer of Poisoning, &c. &c. 8vo. 12f. 

ARISTOTLE, a Life of: Including a Critical Dis- 

cussion of some Questions of Literary History connected 
with his Works. By J. W. BLAKJESLEY, M.A., late 
Fellow and Tutor of Trinity College, Cambridge. 

8vo. 8«. 6rf. 



rnEPIAHS KATA AHMOSeENOTS. The Ora- 
tion of Hyperides against Demosthenes, respecting the 
Treasxire of Harpalus. The Fragments of the Grreek Text, 
now first Edited from the Facsimile of the MS. discovered 
at Egyptian Thebes in 1847 ; together with other Fragments 
of the same Oration cited in Ancient Writers. With a Pre- 
liminary Dissertation and Notes, and a Facsimile of a por- 
tion of the MS. By C. BABINGTON, M.A., Fellow of 
St. John's College, Uambridge. 4to. 6«. Bd^ 

ARUNDINES CAMI. Sive Musarum Cantabri- 

giensium Lusus Canori ; collegit atque edidit H. DRUBY, 
A.M. Editio quarta, 8vo. 12«. 



DEMOSTHENES DE FALSA LEGATIONE. 

A New Edition, with a careful reyision of the Text, Anno- 
tatio Critica, English Explanatory Notes, Philological and 
Historical, and Appendices. By K. SHILLETO, M.A., 
Trinity College, Cambridge. 8yo. lOa, 6d. 



MEMOSTHENES, Translation of Select Speeches 

of, with Notes. By C. R. KENNEDY, M.A., Trinity 
College, Cambridge. 12mo. 9*. 



VAREONIANUS. A Critical and Historical In- 

troduction to the Philological Study of the Latin Language. 
By the Rev. J. W. DONALDSON, D.D., Head-Master of 
Bury School, and formerly Fellow of Trinity College, Cam- 
bridge. 

This Jfew Edition^ wMch has been in preparation for several years, itrill 
he carefully revised, and wiU be exi)anded so as to contain a complete 
account of the Ethnography of ancient Italy, and a full investigati(Mi 
of all the most difficult questions in Latin Grammar and Etymology. 

Cambridge. 
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EURIPIDIS TRAGKEDI^ Priores Quatuor, ad 

fildem Manuscriptorum emendatse et brevibus Notis emen- 
dationuiu potissimum rationes reddentlbus instriictse. Edidit 
B. POKSON, A.M., &c., recenBuit suasque notulas subjecit 
J. SCHOLEFIELD. Editio Tertia. 8vo. 10«. ed. 



TITUS LIVIUS, with English Notes, Marginal 

References, and various Headings. By C. W. STOCJu^ER, 
D.D., late Fellow of St. John's College, Oxford. Vols. I. 
and IL, in 4 Parts, 12«. each. 

GREEK TRAGIC SENARII, Progressive Exer^ 

dses in, followed by a Selection from the Greek Verses of 
Shrewsbury School, and prefaced by a short Account of the 
Iambic Metre and Style of Greek Tragedy. By the Rev. 
B. H. KENNEDY, D.D., Prebendary of Lichfield, and 
Head-Master of Shrewsbury School. For the use of Schools 
and Private Students. Second Edition, altered and revised. 

8vo. 8*. 

The DIALOGUES of PLATO, Schleiermacher's 

Introductions to. Translated from the German by W. 
BOBSON, A.M., Fellow of Trinity College, Cambridge. 

8vo. 12«. 6rf. 



M. A. PLAUTI AULULARIA. Ad fidem Codi- 

cum qui in Bibliotheca Musei Britannici exstant alionunque 
noniiullorum recensuit, Notisque et Glossario locuplete in- 
struxit J. HILDYAED, A.M., Coll. Christi apud Cantab. 
Socius. Editio altera. 8vo. 7s, 6d: 



M. A. PLAUTI MEN^CHMEI. Ad fidem Co- 

dicum qui in Bibliotheca Musei Britannici ezstant aliorum* 
que nonnullorum recensuit, Notisque et Glossario locuplete 
instruxit, J. HILDYARD, A.M., etc. Editio altera. 

8vo. 7a. Qd, 

PHILOLOGICAL MUSEUM. 2 vols. 

8vo. reduced to 10a. 

SOPHOCLES. With Notes Critical and Explana- 

tory. adapted to the use of Schools and Universities. By 
T. MITCHELL, A.M., late Fellow of Sidney Sussex Col- 
lege, Cambridge. 2 vols. ' 8vo. 1^. Ss, 

, Or the Plays separately^ Bs, each, 

John Deighton, 
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PEOPERTIUS. With EnffUsh Notes. 



of ^( 



By F. A. PALEY, Editor of 2Eschylus. Preparing. 



CORNELII TACITI OPEEA. Ad Codices an- 

tlqtLissimos exacta et emendata, Commentario critico et 
exegetlco iUustrata. Edidit P. BITTER, Prof. Bonnensis. 
4 vols. -^ 8vo. 1/. 8». 

A few copies printed on thick Yelltun paper, imp. 8yo. 4/. 4«. 



The THEATRE of the GREEKS. A series of 

Papers relating to the History and Criticism of the Greek 
Drama. Witii a new Introduction and other alterations. 
By J. W. DONALDSON, P.D., Head-Master of Bury 
St. Edmund's Grammar School. Sixth Edition. 8vo. \6s. 



THEOCRITUS. Codicum Mauuscriptorum ope 

recensuit et emendavit C. WORDSWORTH, S.T.P., Scholee 
Harroviensis Magister, nuper Coll. SS. Trin. Cant. Socius 
et Academise Orator Publicus. Svo. I3s, 6d» 

A few copies on laboe papbb. 4to. 1^. 10^. 



THUCYDIDES. The History of thePeloponnesian 

War : illustrated by Maps taken entirely from actual Surreys. 
With Notes, chiefly Historical and Geographical. By T. 
ARNOLD, D.D. Third Edition. 8 vols. 8vo. U. M)«. 



THUCYDIDES. The History of the Peloponnesian 

War: the Text of ARNOLD, with his Argument. The 
Indexes now first adapted to his Sections, and the Greek 
Index greatly enlarged. By the Rev. R. P. Q, TIDDEMAN, 
M.A.> of Magdalene College, Oj^ford, 8yo. 12«. 



Cambridge. 
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MISCELLANEOUS WORKS. 



LECTURES on the HISTORY of MORAL 

PHILOSOPHY in EngUnd. Bjr "W. WHEWELL, D.D., 
Master of Trinity College, Cambndge. 8to> -St. 

THUCTDIDES or GROTE? By Richabd 

SHILLETO, M.A., of Trinity College, and Classical Lee- 
furer of King's College, Cambridge. 8to. 2$. 

A FEW REMARKS on a Pamnhlet by Mr. 

Shilleto, entitled " THUCTDIDES or GROTE i" 2». M. 



The HISTORY of the JEWS in SPAIN, from the 

tinie of their Settlement in that coimtry till the Commenoe- 
ment of the present Century. Written, and illiistrated with 
divers extremely scarce Documents, by DON ADOLPHO 
DE CASTRO. Cadiz, 1847. 

Translated by the Rev. EDWARD D. G. M. KIRWAN, 
M.A., Fellow of King's College, Cambridge. Crown 8yo. 6i. 

The QUEEN'S COURT MANUSCRIPT, with 

other Ancient Poems, translated out of the original Slavonic 
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Oxford. 3 vols. 8vo. Vol. I., 16«.; Vol. II., 18».; VoL III., 
lie. 



HISTOBY of the LATE BOMAN COMMON- 
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A.M.^ Coll. Trm. Socii atque Academiae Registrarii. 
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